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Motivation
Experimentally produceable 

Bipartite

Multipartite?

How ‘useful’ is a given quantum state?

Why examine these states?

To characterise them

See how they are affected by quantum noise
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Just as in the case of entanglement of formation versus linear

entropy, the density matrix is continuous at the transition

between branches.

We remark that the curve generated by the states

$MEMS:EF ,SL%, when plotted on the ER versus SL plane,

falls just slightly below that generated by the states

$MEMS:ER ,SL% for SL!0.5054 "and coincides for smaller
values of SL). We also remark that the parameter r turns out

to be the concurrence C of the states, so that Fig. 3 can be

interpreted as a plot of the concurrence of the frontier states

versus their linear entropy. By comparing this concurrence

versus linear-entropy curve to that in Fig. 2, we find that the

former lies just slightly below the latter for SL!0.5054 "and
the two coincide for smaller values of SL), the maximal dif-

ference between the two being less than 10"2.

It is evident that, for a given linear entropy, the relative

entropies of entanglement for both $MEMS:ER ,SL% and

$MEMS:EF ,SL% are significantly less than the correspond-
ing entanglements of formation. In fact, for small degrees of

impurity, the entanglements of formation for the two MEMS

states are quite flat; however, the relative entropies of en-

tanglement fall quite rapidly. More specifically, for a change

in linear entropy of &SL#0.1 near SL#0, we have &EF

'0.05 "see Fig. 2# and &ER'0.2 "see Fig. 4#. As the curves
of the states $MEMS:EF ,SL% and $MEMS:ER ,SL% are very
close on the two planes, EF versus SL and ER versus SL , we

show in Fig. 5 the entanglement difference EF"ER for the

states $MEMS:EF ,SL%, and compare it with the correspond-
ing difference for the Werner states. While it is clear that

ER(!)(EF(!), for certain values of the linear entropy the
difference turns out to be quite large, this difference being

uniformly larger for $MEMS:EF ,SL% than for the Werner
state; see Fig. 5.

As we have seen, Werner states are not frontier states

either in the case of entanglement of formation or in the case

of relative entropy of entanglement. By contrast, as we shall

see in the following section, if we measure entanglement via

negativity, then for a given amount of linear entropy, the

Werner states "as well as another rank-3 class of states#
achieve the largest value of entanglement. Said equivalently,

the Werner states belong to $MEMS:N ,SL%.

3. Negativity

In order to derive the form of the MEMS in the case of

negativity, we again consider the density matrix of the form

"4.4#, for which it is straightforward to show that the nega-
tivity N is given by

N#max$0,!"a"b #2$r
2""a$b #%. "4.15#

Furthermore, because we aim to find the entanglement fron-

tier, we can simply restrict our attention to states satisfying

N%0, i.e., to states that are entangled )22*. Then, by making
N stationary at fixed SL and with the constraint 2x$a$b

$r#1, we find two one-parameter families of stationary
states "in addition to the rank-2 MEMS, which are common
to all three entanglement measures#. The parameters of the
first family obey

a#b#x ,r#1"4x . "4.16#

When expressed in terms of parameter r, the density matrix

takes the form

!
MEMS:N ,S

L

(1) #" "1$r #/4 0 0 r/2

0 "1"r #/4 0 0

0 0 "1"r #/4 0

r/2 0 0 "1$r #/4

# ,
"4.17#

which are precisely the Werner states in Eq. "4.7#. For the
second solution, the parameters obey

a#
4"2!3r2$1

6
,b#0,x#

1$!3r2$1
6

"
r

2
.

"4.18#

When expressed in terms of parameter r, the density matrix

takes the form

FIG. 4. Entanglement frontier: relative entropy of entanglement

versus linear entropy. The frontier states are !MEMS:E
R
,S
L
. The dot

indicates the transition between branches of MEMS.

FIG. 5. Difference in entanglement (EF"ER) versus SL for the

MEMS in Eq. "4.6# and Werner states. The solid curve shows states
from !MEMS :E

F
,S
L
; the dashed curve shows the Werner states.
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Motivation
Given a particular set of MEMS how robust is their entanglement?

How do we quantify entanglement?

How do we quantify mixedness?
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Measures of Entanglement
Entanglement of formation

Relative entropy

Negativity

(C3) Local operations and classical communication can-

not increase the expectation value of entanglement.

(C4) Entanglement is convex under discarding informa-

tion: ! ipi E(" i)#E(! ipi " i).
The entanglement quantities chosen by us satisfy the

properties C1–C4. Here, we do not impose the condition

that any good entanglement measure should reduce to the

entropy of entanglement $to be defined in the following% for
pure states.

A. Entanglement of formation and entanglement cost

The first measure we shall consider is the entanglement of

formation, EF &5'; it quantifies the amount of entanglement
necessary to create the entangled state. It is defined by

EF$"%( min
)pi ,* i+

!
i
piE$ !* i,-* i!%, $2.1%

where the minimization is taken over those probabilities )pi+
and pure states )* i+ that, taken together, reproduce the den-
sity matrix "!! ipi!* i,-* i!. Furthermore, the quantity

E(!* i,-* i!) $usually called the entropy of entanglement%
measures the entanglement of the pure state !* i, and is de-
fined to be the von Neumann entropy of the reduced density

matrix " i
(A)(TrB!* i,-* i!, i.e.,

E$ !* i,-* i!%!"Tr" i
(A) log2" i

(A) . $2.2%

For two-qubit systems, EF can be expressed explicitly as

&6'

EF$"%!h" 1
2

&1#!1"C$"%2' # , $2.3a%

h$x %("x log2x"$1"x %log2$1"x %, $2.3b%

where C("), the concurrence of the state " , is defined as

C$"%(max)0,!.1"!.2"!.3"!.4+, $2.3c%

in which .1 , . . . ,.4 are the eigenvalues of the matrix
"(/y! /y)"*(/y! /y) in nonincreasing order and /y is a

Pauli spin matrix. EF("), C("), and the tangle 0(")
(C(")2 are equivalent measures of entanglement, inasmuch
as they are monotonic functions of one another.

A measure associated with the entanglement of formation

is the entanglement cost EC &5', which is defined via

EC$"%( lim
n→1

EF$" !n%

n
. $2.4%

This is the asymptotic value of the average entanglement of

formation. EC is, in general, difficult to calculate.

B. Entanglement of distillation and relative entropy

of entanglement

Related to the entanglement of formation is the entangle-

ment of distillation, ED &7', which characterizes the amount

of entanglement of a state " as the fraction of Bell states

which can be distilled using the optimal purification proce-

dure: ED(")(limn→1m/n , where n is the number of copies

of " used and m is the maximal number of Bell states that

can be distilled from them. The difference EC"ED can be

regarded as undistillable entanglement. ED is a difficult

quantity to calculate, but the relative entropy of entangle-

ment ER &8', which we shall define shortly, provides an up-
per bound on ED and is more readily calculable than it. For

this reason, it is the second measure that we consider in this

paper. It is defined variationally via

ER$"%(min
/!D

Tr$" log """ log/%, $2.5%

where D represents the $convex% set of all separable density
operators / . In certain ways, the relative entropy of en-
tanglement can be viewed as a distance D("!!/*) from the

entangled state " to the closest separable state /*. We re-
mark that for pure states, EF!EC!ER!ED ; but in general,

EF#EC#ER#ED .

C. Negativity

The third measure that we shall consider is the negativity.

The concept of the negativity of a state is closely related to

the well-known Peres-Horodecki condition for the separabil-

ity of a state &22'. If a state is separable $i.e., not entangled%,
then the partial transpose &23' of its density matrix is again a
valid state, i.e., it is positive semidefinite. It turns out that the

partial transpose of a nonseparable state may have one or

more negative eigenvalues. The negativity of a state &9' in-
dicates the extent to which a state violates the positive partial

transpose separability criterion. We will adopt the definition

of negativity as twice the absolute value of the sum of the

negative eigenvalues:

N$"%!2 max$0,".neg%, $2.6%

where .neg is the sum of the negative eigenvalues of "TB. In
C2!C2 $i.e., two-qubit% systems, it can be shown that the
partial transpose of the density matrix can have at most one

negative eigenvalue &24'. It was proved by Vidal and Werner
&10' that negativity is an entanglement monotone, i.e., it sat-
isfies criteria C1–C4 and, hence, is a good entanglement

measure. We remark that for two-qubit pure states the nega-

tivity gives the same value as the concurrence does.

D. Ordering difficulties with entanglement measures

We now pause to touch on certain difficulties posed by the

task of ordering physical states using entanglement. As first

discussed and explored numerically by Eisert and Plenio &15'
and by Życzkowski &16', and subsequently investigated ana-
lytically by Verstraete et al. &17', different entanglement
measures can give different orderings for pairs of mixed

states. Verstraete et al. showed that, instead, the negativity

of the two-qubit states of a given concurrence C, rather

than having a single value, ranges between

!2&C"(1/2)'2#(1/2)#(C"1) and C. Thus, there is an or-
dering difficulty: pairs of states, A and B, exist for which
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in which .1 , . . . ,.4 are the eigenvalues of the matrix
"(/y! /y)"*(/y! /y) in nonincreasing order and /y is a

Pauli spin matrix. EF("), C("), and the tangle 0(")
(C(")2 are equivalent measures of entanglement, inasmuch
as they are monotonic functions of one another.

A measure associated with the entanglement of formation

is the entanglement cost EC &5', which is defined via

EC$"%( lim
n→1

EF$" !n%

n
. $2.4%

This is the asymptotic value of the average entanglement of

formation. EC is, in general, difficult to calculate.

B. Entanglement of distillation and relative entropy

of entanglement

Related to the entanglement of formation is the entangle-

ment of distillation, ED &7', which characterizes the amount

of entanglement of a state " as the fraction of Bell states

which can be distilled using the optimal purification proce-

dure: ED(")(limn→1m/n , where n is the number of copies

of " used and m is the maximal number of Bell states that

can be distilled from them. The difference EC"ED can be

regarded as undistillable entanglement. ED is a difficult

quantity to calculate, but the relative entropy of entangle-

ment ER &8', which we shall define shortly, provides an up-
per bound on ED and is more readily calculable than it. For

this reason, it is the second measure that we consider in this

paper. It is defined variationally via
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where D represents the $convex% set of all separable density
operators / . In certain ways, the relative entropy of en-
tanglement can be viewed as a distance D("!!/*) from the

entangled state " to the closest separable state /*. We re-
mark that for pure states, EF!EC!ER!ED ; but in general,

EF#EC#ER#ED .

C. Negativity

The third measure that we shall consider is the negativity.

The concept of the negativity of a state is closely related to

the well-known Peres-Horodecki condition for the separabil-

ity of a state &22'. If a state is separable $i.e., not entangled%,
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valid state, i.e., it is positive semidefinite. It turns out that the
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partial transpose of the density matrix can have at most one

negative eigenvalue &24'. It was proved by Vidal and Werner
&10' that negativity is an entanglement monotone, i.e., it sat-
isfies criteria C1–C4 and, hence, is a good entanglement

measure. We remark that for two-qubit pure states the nega-

tivity gives the same value as the concurrence does.

D. Ordering difficulties with entanglement measures

We now pause to touch on certain difficulties posed by the

task of ordering physical states using entanglement. As first

discussed and explored numerically by Eisert and Plenio &15'
and by Życzkowski &16', and subsequently investigated ana-
lytically by Verstraete et al. &17', different entanglement
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than having a single value, ranges between
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Measures of Mixedness
von Neumann entropy

Linear entropy

C(A)!C(B) and N(A)!N(B) differ in sign. Hence, when

one wishes to explore maximally entangled mixed states, one

must be explicit about the measure of entanglement !and also
the measure of mixedness; see the following section" consid-
ered. Different measures have the potential to lead to differ-

ent classes of MEMS.

III. MEASURES OF MIXEDNESS

In the entanglement-measure literature, two measures of

mixedness have basically been used: 1!Tr(#2) and the von
Neumann entropy. Whereas the latter has a natural signifi-

cance stemming from its connections with statistical physics

and information theory, the former is substantially easier to

calculate. Of course, for density matrices that are almost

completely mixed, the two measures show the same trend.

A. The von Neumann entropy

The von Neumann entropy, the standard measure of ran-

domness of a statistical ensemble described by a density ma-

trix, is defined by

SV!#"$!Tr!# log #""!%
i

& ilog & i , !3.1"

where & i are the eigenvalues of the density matrix # and the
log is taken to base N, the dimension of the Hilbert space in
question. It is straightforward to show that the extremal val-

ues of SV are zero !for pure states" and unity !for completely
mixed states". To compute the von Neumann entropy, it is
necessary to have the full knowledge of the eigenvalue spec-

trum.

As we shall mention in the following section, there is a

linear entropy threshold above which all states are separable.

Qualitatively identical behavior is encountered for the von

Neumann entropy. In particular, as we shall see in Sec.

IV C 1, for two-qubit systems all states are separable for

SV'!(1/2)log4(1/12)(0.896.

B. Purity and linear entropy

The second measure that we shall consider is called the

linear entropy and is based on the purity of a state, P
$Tr(#2), which ranges from 1 !for a pure state" to 1/N for a

completely mixed state with dimension N. The linear en-
tropy SL is defined via

SL!#"$
N

N!1
)1!Tr!#2"* , !3.2"

which ranges from 0 !for a pure state" to 1 !for a maximally
mixed state". The linear entropy is generally a simpler quan-
tity to calculate than the von Neumann entropy as there is no

need for diagonalization. For C2!C2 systems, the linear en-

tropy can be written explicity as

SL!#"$
4

3
)1!Tr!#2"* . !3.3"

A related measure, which we shall not use in this paper
!but mention for the sake of completeness", is the inverse
participation ratio. Defined via R$1/Tr(#2), it ranges from
1 !for a pure state" to N !for the maximally mixed state". An
attractive property of the inverse participation ratio is that all
states with R'N!1 are separable )9*, which implies all
states with a linear entropy SL(#)'N(N!2)/(N!1)2

!which is 8/9 when N"4) are separable.

C. Comparing linear and von Neumann entropies

The aim of this section is to illustrate the difference be-

tween the linear and von Neumann entropies. We shall do

this by considering the N"4 Hilbert space, and seeking the
highest and lowest von Neumann entropies consistent with a

given value of linear entropy. Before restricting N to 4, the

corresponding stationarity problem reads

+! SV!#"#,
N!1

2N SL!#"!!-!1 "Tr# ""0, !3.4"

where , and - are, respectively, Langrange multipliers that
enforce the constraints that linear entropy should be fixed

and that # should be normalized. Thus, we arrive at the en-
gaging self-consistency condition

#"exp!!-!,#", !3.5"

in which - and , can be fixed upon implementing the con-

straints. By working with the eigenvalues of density matri-

ces, the stationarity problem becomes straightforward: maxi-

mize or minimize the von Neumann entropy !% i& iln &i
subject to the constraints % i& i

2"const !fixed linear entropy"
and % i& i"1 !normalization". The maximal SV versus SL cor-
responds to eigenvalues of the form

!3.6a"

The minimal SV versus SL consists of N!1 segments, of
which the kth segment corresponds to eigenvalues of the

form

!3.6b"

where k"1, . . . ,N!1. For the case of N"4, the boundary
of the physical region in the SL versus SV plane !see Fig. 1",
when given in terms of eigenvalues, reads

# & ,
1!&

3
,
1!&

3
,
1!&

3
$ for

1

4
.&.1, !3.7a"

/& ,1!& ,0,00 for
1

2
.&.1, !3.7b"
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!but mention for the sake of completeness", is the inverse
participation ratio. Defined via R$1/Tr(#2), it ranges from
1 !for a pure state" to N !for the maximally mixed state". An
attractive property of the inverse participation ratio is that all
states with R'N!1 are separable )9*, which implies all
states with a linear entropy SL(#)'N(N!2)/(N!1)2

!which is 8/9 when N"4) are separable.

C. Comparing linear and von Neumann entropies

The aim of this section is to illustrate the difference be-

tween the linear and von Neumann entropies. We shall do

this by considering the N"4 Hilbert space, and seeking the
highest and lowest von Neumann entropies consistent with a

given value of linear entropy. Before restricting N to 4, the

corresponding stationarity problem reads

+! SV!#"#,
N!1

2N SL!#"!!-!1 "Tr# ""0, !3.4"

where , and - are, respectively, Langrange multipliers that
enforce the constraints that linear entropy should be fixed

and that # should be normalized. Thus, we arrive at the en-
gaging self-consistency condition

#"exp!!-!,#", !3.5"

in which - and , can be fixed upon implementing the con-

straints. By working with the eigenvalues of density matri-

ces, the stationarity problem becomes straightforward: maxi-

mize or minimize the von Neumann entropy !% i& iln &i
subject to the constraints % i& i

2"const !fixed linear entropy"
and % i& i"1 !normalization". The maximal SV versus SL cor-
responds to eigenvalues of the form

!3.6a"

The minimal SV versus SL consists of N!1 segments, of
which the kth segment corresponds to eigenvalues of the

form

!3.6b"

where k"1, . . . ,N!1. For the case of N"4, the boundary
of the physical region in the SL versus SV plane !see Fig. 1",
when given in terms of eigenvalues, reads

# & ,
1!&

3
,
1!&

3
,
1!&

3
$ for

1

4
.&.1, !3.7a"

/& ,1!& ,0,00 for
1

2
.&.1, !3.7b"

MAXIMAL ENTANGLEMENT VERSUS ENTROPY FOR . . . PHYSICAL REVIEW A 67, 022110 !2003"

022110-3

Why Negativity and Linear entropy?



Quantum Channels
Operator Sum Representation 

Project Aims:

Given MEMS
Subject them to each of the quantum channels
Measure mixedness (via linear entropy) and entanglement (via negativity) 
Compare to the original MEMS

The noisy quantum channels of interest to us will be:

Depolarizing Channel
Amplitude-Damping Channel
Phase-Damping Channel

E(ρ) =ΣiMiρM+
i



Which MEMS shall we look at?

entanglement-mixedness plane, the forms of matrices on the

two branches are not equivalent !one is rank 3, the other rank
4". This is in contrast to the #MEMS:EF ,SL$. This peculiar-
ity can be partially understood from the plot of the two mix-

edness measures, Fig. 1. As the value of the von Neumann

entropy rises, there are fewer and fewer rank-3 entangled

states, and above some threshold, no more rank-3 states ex-

ist, let alone entangled rank-3 states. There are, however, still

entangled states of rank 4. Hence, if rank-3 states attain

higher entanglement than rank-4 states do when the entropy

is low, a transition must occur between MEMS states of

ranks 3 and 4.

From Fig. 7 it is evident that beyond a certain value of the

von Neumann entropy, no entangled states exist. This value

can be readily obtained by considering the MEMS state

!4.23" at C!0,

! 1

3
0 0

1

6

0
1

6
0 0

0 0
1

6
0

1

6
0 0

1

3

" , !4.25"

for which SV!"(1/2)log4(1/12)%0.896.
As an aside, we mention a tantalizing but not yet fully

developed analogy with thermodynamics &26'. In this anal-
ogy, one associates entanglement with energy and von Neu-

mann entropy with entropy, and it is therefore tempting to

regard the MEMS just derived as the analog of thermody-

namic equilibrium states. If we apply the Jaynes principle to

an ensemble in equilibrium with a given amount of entangle-

ment, then the most probable states are those MEMS shown

above.

2. Relative entropy of entanglement

Let us now find the frontier states for the case of relative

entropy of entanglement. To do this, we first consider the

rank-3 states in Eq. !4.9", for which the relative entropy is
given by Eq. !4.11". For these states, the von Neumann en-
tropy is given by

SV!"
1"a#r

2
log4

1"a#r

2
"alog4 a

"
1"a"r

2
log4

1"a"r

2
, !4.26"

where the log function is taken to have base 4. Even though

the log functions in SV and ER use different bases, the sta-

tionary condition for the parameters r and a does not change,

because the difference can be absorbed by a rescaling of the

constraint-enforcing Lagrange multiplier. Thus, in maximiz-

ing ER at fixed SV , we arrive at the stationarity condition

ln
!1#a "2"r

2

!1#a "2
ln
1"a"r

1"a#r
!ln

1#a#r

1#a"r
ln

!1"a "2"r
2

4a2
.

!4.27"

We can solve for the parameter a as a function of r!&0,1' ,
at least numerically; the result is shown in Fig. 8, along with

SV and ER .

Turning to the rank-4 case, it is straightforward, if tedious,

to show that the Werner states satisfy the corresponding sta-

tionarity conditions. In order to ascertain which rank gives

the MEMS for a given SV , we compare the stationary states

of ranks 2, 3, and 4 in Fig. 9. Thus, we see that for SV
(S

V
*#0.672, the frontier states are given by the rank-3

states, whereas for SV)S
V
* the frontier states are given by

FIG. 6. Entanglement frontier: negativity versus linear entropy.

States on the boundary !full line" are *MEMS:N ,S
L

(1) and *MEMS:N ,S
L

(2) .

The dashed line comprises *MEMS:E
F
,S
L
.

FIG. 7. Entanglement frontiers. Upper panel: entanglement of

formation versus von Neumann entropy. Lower panel: concurrence

versus von Neumann entropy. The branch structure is described in

the text.

MAXIMAL ENTANGLEMENT VERSUS ENTROPY FOR . . . PHYSICAL REVIEW A 67, 022110 !2003"

022110-9

!*!" 0.372 947 0 0 0.372 947

0 0.254 106 0 0

0 0 0 0

0.372 947 0 0 0.372 947

# .
"4.14#

Just as in the case of entanglement of formation versus linear

entropy, the density matrix is continuous at the transition

between branches.

We remark that the curve generated by the states

$MEMS:EF ,SL%, when plotted on the ER versus SL plane,

falls just slightly below that generated by the states

$MEMS:ER ,SL% for SL!0.5054 "and coincides for smaller
values of SL). We also remark that the parameter r turns out

to be the concurrence C of the states, so that Fig. 3 can be

interpreted as a plot of the concurrence of the frontier states

versus their linear entropy. By comparing this concurrence

versus linear-entropy curve to that in Fig. 2, we find that the

former lies just slightly below the latter for SL!0.5054 "and
the two coincide for smaller values of SL), the maximal dif-

ference between the two being less than 10"2.

It is evident that, for a given linear entropy, the relative

entropies of entanglement for both $MEMS:ER ,SL% and

$MEMS:EF ,SL% are significantly less than the correspond-
ing entanglements of formation. In fact, for small degrees of

impurity, the entanglements of formation for the two MEMS

states are quite flat; however, the relative entropies of en-

tanglement fall quite rapidly. More specifically, for a change

in linear entropy of &SL#0.1 near SL#0, we have &EF

'0.05 "see Fig. 2# and &ER'0.2 "see Fig. 4#. As the curves
of the states $MEMS:EF ,SL% and $MEMS:ER ,SL% are very
close on the two planes, EF versus SL and ER versus SL , we

show in Fig. 5 the entanglement difference EF"ER for the

states $MEMS:EF ,SL%, and compare it with the correspond-
ing difference for the Werner states. While it is clear that

ER(!)(EF(!), for certain values of the linear entropy the
difference turns out to be quite large, this difference being

uniformly larger for $MEMS:EF ,SL% than for the Werner
state; see Fig. 5.

As we have seen, Werner states are not frontier states

either in the case of entanglement of formation or in the case

of relative entropy of entanglement. By contrast, as we shall

see in the following section, if we measure entanglement via

negativity, then for a given amount of linear entropy, the

Werner states "as well as another rank-3 class of states#
achieve the largest value of entanglement. Said equivalently,

the Werner states belong to $MEMS:N ,SL%.

3. Negativity

In order to derive the form of the MEMS in the case of

negativity, we again consider the density matrix of the form

"4.4#, for which it is straightforward to show that the nega-
tivity N is given by

N#max$0,!"a"b #2$r
2""a$b #%. "4.15#

Furthermore, because we aim to find the entanglement fron-

tier, we can simply restrict our attention to states satisfying

N%0, i.e., to states that are entangled )22*. Then, by making
N stationary at fixed SL and with the constraint 2x$a$b

$r#1, we find two one-parameter families of stationary
states "in addition to the rank-2 MEMS, which are common
to all three entanglement measures#. The parameters of the
first family obey

a#b#x ,r#1"4x . "4.16#

When expressed in terms of parameter r, the density matrix

takes the form

!
MEMS:N ,S

L

(1) #" "1$r #/4 0 0 r/2

0 "1"r #/4 0 0

0 0 "1"r #/4 0

r/2 0 0 "1$r #/4

# ,
"4.17#

which are precisely the Werner states in Eq. "4.7#. For the
second solution, the parameters obey

a#
4"2!3r2$1

6
,b#0,x#

1$!3r2$1
6

"
r

2
.

"4.18#

When expressed in terms of parameter r, the density matrix

takes the form

FIG. 4. Entanglement frontier: relative entropy of entanglement

versus linear entropy. The frontier states are !MEMS:E
R
,S
L
. The dot

indicates the transition between branches of MEMS.

FIG. 5. Difference in entanglement (EF"ER) versus SL for the

MEMS in Eq. "4.6# and Werner states. The solid curve shows states
from !MEMS :E

F
,S
L
; the dashed curve shows the Werner states.
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!
MEMS:N ,S

L

(2) !! "1"!3r2"1 #/6 0 0 r/2

0 "4#2!3r2"1 #/6 0 0

0 0 0 0

r/2 0 0 "1"!3r2"1 #/6

" . "4.19#

We remark that the two solutions give the same bound on the

negativity for a given value of linear entropy. The resulting

frontier in the negativity-versus-linear-entropy plane is

shown in Fig. 6.

Thus, the states $MEMS:N ,SL% on the boundary include,
up to local unitary transformations, both Werner states in Eq.

"4.17# and states in Eq. "4.19#. We also plot in Fig. 6 the
curve belonging to $MEMS:EF ,SL%; note that it falls

slightly below the curve associated with $MEMS:N ,SL% and
that it has a cusp, due to the structure of the states, at the

value 2/3 for the parameter r in Eq. "4.6#. Here, we see that
maximally entangled mixed states change their form when

we adopt a different entanglement measure.

C. Entanglement versus von Neumann entropy frontiers

We continue this section by choosing to measure mixed-

ness in terms of the von Neumann entropy, and comparing

the frontier states for various measures of entanglement.

1. Entanglement of formation

To find this frontier, we consider states of the form "4.4#,
and compute for them the concurrence and the von Neumann

entropy:

C!r#2!ab , "4.20a#

SV!#a log4a#b log4b#x log4x#"x"r #log4"x"r #.
"4.20b#

Note that the parameters obey the normalization constraint

2x"a"b"r!1.
As we remarked previously, the rank-2 MEMS is always a

candidate. For the rank-3 case, we can set b!0 in Eq. "4.20#.
By maximizing C at fixed SV , we find a stationary solution:

"i# r!C , x!(4#3C#!4#3C2)/6, and a!(!4#3C2

#1)/3; the resulting density matrix is

! i!! "4#!4#3C2#/6 0 0 C/2

0 "!4#3C2#1 #/3 0 0

0 0 0 0

C/2 0 0 "4#!4#3C2#/6

" . "4.21#

For the rank-4 case (b&0), the stationarity condition can be
shown to be

u ln"u #!w ln"w #, "4.22a#

2u ln"u #!"u"w #ln"v #, "4.22b#

where u'!a/(x"r), v'!x/(x"r), and w'!b/(x"r).

There are two solutions, due to the two-to-one property of

the function z ln z for z!(0,1). The first one is (u!v
!w). "ii# a!b!x!(1#C)/6, and r!(1"2C)/3, which
can readily be seen to be a Werner state as in Eq. "4.7# or,
equivalently,

! ii!! "2"C #/6 0 0 "1"2C #/6

0 "1#C #/6 0 0

0 0 "1#C #/6 0

"1"2C #/6 0 0 "2"C #/6

" .
"4.23#

Being the concurrence, C is restricted to the interval (0,1) .
The second solution is transcendental, but can be solved nu-

merically.

In Fig. 7 we compare the four possible candidate solu-

tions, and find that the global maximum is composed of only

"i# and "ii#. We summarize the states at the frontier as fol-
lows:

!MEMS:E
F
,S
V
!# ! ii for 0*C*C*,

! i for C**C*1.
"4.24#

Note the crossing point at (C ,SV)!(C*,SV(C*)) , at which
extremality is exchanged, so the true frontier consists of two

branches. It is readily seen that C* is the solution of the
equation SV(! i(C))!SV(! ii(C)) , and the approximate nu-
merical values of C* and the corresponding SV* are 0.305

and 0.741, respectively.

The resulting form of MEMS states is peculiar, in that,

even at the crossing point of two branches on the
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Which MEMS are we looking at?

What happens when we increase the number of qubits in the system?



Thank you for listening
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