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 Discuss combination of Schroedinger’s and EPR’s paradoxes..

Challenge Bell when the classical limit is taken..

Combine Bell’s and Leggett’s argument on non-local realism..

Original plan for the talk..



Likely to get this result..



Therefore: maybe something 
more interesting...

We will need:

1) A bit of undergraduate physics

2) Some Quantum-Optics tools

3) Elementary knowledge on matter-light interaction 

[a discussion based on MP, M.S. Kim & B.S. Ham, PRA 67, 
023811 (2003); Journal Modern Optics 50, 2565 (2003) ]



Therefore: maybe something 
more interesting...

Well-known observation: In vacuum, photons do not cross-talk!



But they do interact in an appropriate 
resonant medium..

Let’s find a simple way of describing 
such interaction

that a giant rate of nonlinearity is obtained in our fully
quantum-mechanicalmodel.We derivetherelativeequations
of motion for the involved quantumÞelds.This allows us to
write the interactionHamiltonian in a form that explicitly
dependson thephoton-numberoperatorsof thetwo quantum
Þelds.Startingfrom this point, we showhow entangledco-
herentstatesandSchro¬dingercat statesaregeneratedwhen
the initial statesof the Þeldsare two independentcoherent
states.

Thepaperis structuredasfollows: in Sec.II, we describe
the Hamiltonianapproach,we havechosenand apply it to
model cross-phase-modulationvia EIT !10". In Sec.III, we
apply this methodto theatomicschemefor double-EITsug-
gestedin Ref. !17" andwe derivetheequationsof motionfor
the quantizedÞelds.SectionIV is devotedto the generation
of entangledcoherentstatesand Schro¬dinger cat statesof
light. Finally, in Sec.V, we describein full detail a scheme
for the detectionof the entanglementin the generateden-
tangledcoherentstate.The detectionschemeis basedon the
total variancecriterion for continuousvariablestates!18".

II. THE HAMILTONIAN METHOD

The standardmethodto describethe interactionof elec-
tromagneticÞelds in a resonantmedium is to derive the
Bloch equations for the atomic density-matrix elements
which, when conditionsof adiabaticityand moderateinten-
sities of the Þeldsare valid, can be solved in steady-state
conditions.Thesolutionsare,then,insertedinto theMaxwell
equationsto show the propagationof the Þelds.However,
when the numberof Þeldsinvolved in the problemis high
andthe atomicsystemconsistsof severalenergy levels,this
procedurecanbe quite cumbersome.

A muchsimplerway to derivetheÞeldequationsis given
by a full Hamiltonian approach!19". According to it, the
polarizationof the mediumcan be expressedas the partial
derivative,with respectto theelectric-Þeldamplitude,of the
averagedfree-energy densityof theatomicmedium.In other
words

P!"! #H

#E* ", $1%

whereH is the interactionpart of the Hamiltonian,E is the
complexamplitudeof theelectromagneticÞeld,andP is the
polarizationof the medium!19". When severalelectromag-
netic Þeldsinteractwith the medium,H can be expressed,
following Ref. !19", as
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whereBi j are the diagonalelementsof the nonlinearthird-
order susceptibility, responsiblefor the nonlinear terms of
the refractiveindex at frequency( j . Thus, the polarization
dueto the jth electromagneticÞeldcanbe written as
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where* j is theRabi frequencyrelativeto the j th Þeld,d j is
the dipole matrix elementof the correspondingtransition,N
is the densityof the atomic medium,andH! is the single-
particleHamiltonian.Here,we areassumingthat all the at-
omsin themediumareequallycoupledto thevariousÞelds.

Introducing this equationinto the Maxwell-Bloch equa-
tions, we get rid of the atomic variables,obtaininga set of
equationsof motion for the Rabi frequenciesthat, in the
slowly varying envelopeapproximation$SVEA%, reads
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Changing the reference frame into ,!z,-!t"z/c, the
aboveequationcanbe reducedto
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This approachhasbeenusedin Ref. !23" to investigate
the problemof resonantforward four-wavemixing basedon
EIT. It is particularly convenientif an open-systemHamil-
tonianmodel is usedto incorporateab initio the decayrates
of theatomiclevelsandif theatomsfollow adiabaticallythe
Þelds evolution. While the Þrst condition can be satisÞed
using an effective complex Hamiltonian, the secondpoint
needsmoreexplanations.

Solving the Bloch equationsthat describe the atomic
density-matrixevolution, one usually invokes the so-called
weak-couplinglimit: the Þeldsthat couplean initially pre-
pared,collective, atomic stateto other statesof the atomic
model are assumedto be very weak $usually, there is less
thanonephotonperatomon anaverage%. Thus,theprobabil-
ity that,after the interaction,a statedifferentfrom the initial
oneis populatedis very small.This qualiÞesthe initial state
as a stationarystateand the systemwill evolve in an adia-
baticfashion,following its dynamics.In theseconditions,the
averagedHamiltonianthatappearsin Eq. $5% canbereplaced
by theeigenvalueof H! that, in the limit of vanishingweak-
coupling Þelds,gives the energy of the initially prepared
state!23". Thus
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where. is the abovecited eigenvalueof H! .
The advantagesof this approachare evident:the knowl-

edgeof the eigenspectrumof the single-atommodelsufÞces
to derivetheÞeldequationof motiondirectly. Thequantiza-
tion of theÞeldsis thenperformedin thecanonicalway, just
replacingthe classicalÞeldvariablesin the effective Hamil-
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free-energy density 
of the medium

Polarization of the medium electric-field amplitude

that a giant rate of nonlinearity is obtained in our fully

quantum-mechanical model. We derive the relative equations

of motion for the involved quantum fields. This allows us to

write the interaction Hamiltonian in a form that explicitly

depends on the photon-number operators of the two quantum

fields. Starting from this point, we show how entangled co-

herent states and Schrödinger cat states are generated when

the initial states of the fields are two independent coherent

states.

The paper is structured as follows: in Sec. II, we describe

the Hamiltonian approach, we have chosen and apply it to

model cross-phase-modulation via EIT !10". In Sec. III, we
apply this method to the atomic scheme for double-EIT sug-

gested in Ref. !17" and we derive the equations of motion for
the quantized fields. Section IV is devoted to the generation

of entangled coherent states and Schrödinger cat states of

light. Finally, in Sec. V, we describe in full detail a scheme

for the detection of the entanglement in the generated en-

tangled coherent state. The detection scheme is based on the

total variance criterion for continuous variable states !18".

II. THE HAMILTONIAN METHOD

The standard method to describe the interaction of elec-

tromagnetic fields in a resonant medium is to derive the

Bloch equations for the atomic density-matrix elements

which, when conditions of adiabaticity and moderate inten-

sities of the fields are valid, can be solved in steady-state

conditions. The solutions are, then, inserted into the Maxwell

equations to show the propagation of the fields. However,

when the number of fields involved in the problem is high

and the atomic system consists of several energy levels, this

procedure can be quite cumbersome.

A much simpler way to derive the field equations is given

by a full Hamiltonian approach !19". According to it, the
polarization of the medium can be expressed as the partial

derivative, with respect to the electric-field amplitude, of the

averaged free-energy density of the atomic medium. In other

words

P! " ! #H

#E*
", $1%

where H is the interaction part of the Hamiltonian, E is the
complex amplitude of the electromagnetic field, and P is the
polarization of the medium !19". When several electromag-
netic fields interact with the medium, H can be expressed,

following Ref. !19", as
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where Bi j are the diagonal elements of the nonlinear third-

order susceptibility, responsible for the nonlinear terms of

the refractive index at frequency ( j . Thus, the polarization

due to the jth electromagnetic field can be written as
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where * j is the Rabi frequency relative to the j th field, dj is

the dipole matrix element of the corresponding transition, N
is the density of the atomic medium, and H! is the single-
particle Hamiltonian. Here, we are assuming that all the at-

oms in the medium are equally coupled to the various fields.

Introducing this equation into the Maxwell-Bloch equa-

tions, we get rid of the atomic variables, obtaining a set of

equations of motion for the Rabi frequencies that, in the

slowly varying envelope approximation $SVEA%, reads
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Changing the reference frame into ,! z,-! t" z/c, the
above equation can be reduced to
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This approach has been used in Ref. !23" to investigate
the problem of resonant forward four-wave mixing based on

EIT. It is particularly convenient if an open-system Hamil-

tonian model is used to incorporate ab initio the decay rates
of the atomic levels and if the atoms follow adiabatically the

fields evolution. While the first condition can be satisfied

using an effective complex Hamiltonian, the second point

needs more explanations.

Solving the Bloch equations that describe the atomic

density-matrix evolution, one usually invokes the so-called

weak-coupling limit: the fields that couple an initially pre-

pared, collective, atomic state to other states of the atomic

model are assumed to be very weak $usually, there is less
than one photon per atom on an average%. Thus, the probabil-
ity that, after the interaction, a state different from the initial

one is populated is very small. This qualifies the initial state

as a stationary state and the system will evolve in an adia-

batic fashion, following its dynamics. In these conditions, the

averaged Hamiltonian that appears in Eq. $5% can be replaced
by the eigenvalue of H! that, in the limit of vanishing weak-
coupling fields, gives the energy of the initially prepared

state !23". Thus
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where . is the above cited eigenvalue of H!.
The advantages of this approach are evident: the knowl-

edge of the eigenspectrum of the single-atom model suffices

to derive the field equation of motion directly. The quantiza-

tion of the fields is then performed in the canonical way, just

replacing the classical field variables in the effective Hamil-
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elements of the non-linear 
susceptibility tensor



But they do interact in an appropriate 
resonant medium..

Let’s find a simple way of describing 
such interaction

that a giant rate of nonlinearity is obtained in our fully

quantum-mechanical model. We derive the relative equations

of motion for the involved quantum fields. This allows us to

write the interaction Hamiltonian in a form that explicitly

depends on the photon-number operators of the two quantum

fields. Starting from this point, we show how entangled co-

herent states and Schrödinger cat states are generated when

the initial states of the fields are two independent coherent

states.

The paper is structured as follows: in Sec. II, we describe

the Hamiltonian approach, we have chosen and apply it to

model cross-phase-modulation via EIT !10". In Sec. III, we
apply this method to the atomic scheme for double-EIT sug-

gested in Ref. !17" and we derive the equations of motion for
the quantized fields. Section IV is devoted to the generation

of entangled coherent states and Schrödinger cat states of

light. Finally, in Sec. V, we describe in full detail a scheme

for the detection of the entanglement in the generated en-

tangled coherent state. The detection scheme is based on the

total variance criterion for continuous variable states !18".

II. THE HAMIL TONIAN METHOD

The standard method to describe the interaction of elec-

tromagnetic fields in a resonant medium is to derive the

Bloch equations for the atomic density-matrix elements

which, when conditions of adiabaticity and moderate inten-

sities of the fields are valid, can be solved in steady-state

conditions. The solutions are, then, inserted into the Maxwell

equations to show the propagation of the fields. However,

when the number of fields involved in the problem is high

and the atomic system consists of several energy levels, this

procedure can be quite cumbersome.

A much simpler way to derive the field equations is given

by a full Hamiltonian approach !19". According to it, the
polarization of the medium can be expressed as the partial

derivative, with respect to the electric-field amplitude, of the

averaged free-energy density of the atomic medium. In other

words

P!"! #H

#E*
" , $1%

where H is the interaction part of the Hamiltonian, E is the

complex amplitude of the electromagnetic field, and P is the

polarization of the medium !19". When several electromag-
netic fields interact with the medium, H can be expressed,

following Ref. !19", as

"H!&
j

' (1)$( j%#E j#2#
1

2 &
i j

Bi j#EiE j#2#••• , $2%

where Bi j are the diagonal elements of the nonlinear third-

order susceptibility, responsible for the nonlinear terms of

the refractive index at frequency ( j . Thus, the polarization

due to the jth electromagnetic field can be written as
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#E j
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where * j is the Rabi frequency relative to the j th field, d j is

the dipole matrix element of the corresponding transition, N

is the density of the atomic medium, and H! is the single-
particle Hamiltonian. Here, we are assuming that all the at-

oms in the medium are equally coupled to the various fields.

Introducing this equation into the Maxwell-Bloch equa-

tions, we get rid of the atomic variables, obtaining a set of

equations of motion for the Rabi frequencies that, in the

slowly varying envelope approximation $SVEA%, reads
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Changing the reference frame into ,!z ,-!t"z/c , the

above equation can be reduced to

#* j
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This approach has been used in Ref. !23" to investigate
the problem of resonant forward four-wave mixing based on

EIT. It is particularly convenient if an open-system Hamil-

tonian model is used to incorporate ab initio the decay rates

of the atomic levels and if the atoms follow adiabatically the

fields evolution. While the first condition can be satisfied

using an effective complex Hamiltonian, the second point

needs more explanations.

Solving the Bloch equations that describe the atomic

density-matrix evolution, one usually invokes the so-called

weak-coupling limit: the fields that couple an initially pre-

pared, collective, atomic state to other states of the atomic

model are assumed to be very weak $usually, there is less
than one photon per atom on an average%. Thus, the probabil-
ity that, after the interaction, a state different from the initial

one is populated is very small. This qualifies the initial state

as a stationary state and the system will evolve in an adia-

batic fashion, following its dynamics. In these conditions, the

averaged Hamiltonian that appears in Eq. $5% can be replaced
by the eigenvalue of H! that, in the limit of vanishing weak-
coupling fields, gives the energy of the initially prepared

state !23". Thus

#* j
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where . is the above cited eigenvalue of H! .
The advantages of this approach are evident: the knowl-

edge of the eigenspectrum of the single-atom model suffices

to derive the field equation of motion directly. The quantiza-

tion of the fields is then performed in the canonical way, just

replacing the classical field variables in the effective Hamil-
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that a giant rate of nonlinearity is obtained in our fully

quantum-mechanical model. We derive the relative equations

of motion for the involved quantum fields. This allows us to

write the interaction Hamiltonian in a form that explicitly

depends on the photon-number operators of the two quantum

fields. Starting from this point, we show how entangled co-

herent states and Schrödinger cat states are generated when

the initial states of the fields are two independent coherent

states.

The paper is structured as follows: in Sec. II, we describe

the Hamiltonian approach, we have chosen and apply it to

model cross-phase-modulation via EIT !10". In Sec. III, we
apply this method to the atomic scheme for double-EIT sug-

gested in Ref. !17" and we derive the equations of motion for
the quantized fields. Section IV is devoted to the generation

of entangled coherent states and Schrödinger cat states of

light. Finally, in Sec. V, we describe in full detail a scheme

for the detection of the entanglement in the generated en-

tangled coherent state. The detection scheme is based on the

total variance criterion for continuous variable states !18".

II. THE HAMIL TONIAN METHOD

The standard method to describe the interaction of elec-

tromagnetic fields in a resonant medium is to derive the

Bloch equations for the atomic density-matrix elements

which, when conditions of adiabaticity and moderate inten-

sities of the fields are valid, can be solved in steady-state

conditions. The solutions are, then, inserted into the Maxwell

equations to show the propagation of the fields. However,

when the number of fields involved in the problem is high

and the atomic system consists of several energy levels, this

procedure can be quite cumbersome.

A much simpler way to derive the field equations is given

by a full Hamiltonian approach !19". According to it, the
polarization of the medium can be expressed as the partial

derivative, with respect to the electric-field amplitude, of the

averaged free-energy density of the atomic medium. In other

words

P!"! #H

#E*
" , $1%

where H is the interaction part of the Hamiltonian, E is the

complex amplitude of the electromagnetic field, and P is the

polarization of the medium !19". When several electromag-
netic fields interact with the medium, H can be expressed,

following Ref. !19", as

"H!&
j
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where Bi j are the diagonal elements of the nonlinear third-

order susceptibility, responsible for the nonlinear terms of

the refractive index at frequency ( j . Thus, the polarization

due to the jth electromagnetic field can be written as
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#E j
*
" e"i(( jt"k jz)#c.c.
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where * j is the Rabi frequency relative to the j th field, d j is

the dipole matrix element of the corresponding transition, N

is the density of the atomic medium, and H! is the single-
particle Hamiltonian. Here, we are assuming that all the at-

oms in the medium are equally coupled to the various fields.

Introducing this equation into the Maxwell-Bloch equa-

tions, we get rid of the atomic variables, obtaining a set of

equations of motion for the Rabi frequencies that, in the

slowly varying envelope approximation $SVEA%, reads
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Changing the reference frame into , !z ,- !t"z/c , the

above equation can be reduced to

#* j
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Nd j
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*
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This approach has been used in Ref. !23" to investigate
the problem of resonant forward four-wave mixing based on

EIT. It is particularly convenient if an open-system Hamil-

tonian model is used to incorporate ab initio the decay rates

of the atomic levels and if the atoms follow adiabatically the

fields evolution. While the first condition can be satisfied

using an effective complex Hamiltonian, the second point

needs more explanations.

Solving the Bloch equations that describe the atomic

density-matrix evolution, one usually invokes the so-called

weak-coupling limit: the fields that couple an initially pre-

pared, collective, atomic state to other states of the atomic

model are assumed to be very weak $usually, there is less
than one photon per atom on an average%. Thus, the probabil-
ity that, after the interaction, a state different from the initial

one is populated is very small. This qualifies the initial state

as a stationary state and the system will evolve in an adia-

batic fashion, following its dynamics. In these conditions, the

averaged Hamiltonian that appears in Eq. $5%can be replaced
by the eigenvalue of H! that, in the limit of vanishing weak-
coupling fields, gives the energy of the initially prepared

state !23". Thus

#* j
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!"i

Nd j
2( j
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*
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where . is the above cited eigenvalue of H! .
The advantages of this approach are evident: the knowl-

edge of the eigenspectrum of the single-atom model suffices

to derive the field equation of motion directly. The quantiza-

tion of the fields is then performed in the canonical way, just

replacing the classical field variables in the effective Hamil-
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Rabi frequency of the j-th 
field-medium interaction

This accounts for the effects on the medium. 

How about the fields? 

We need to put the above in  Maxwell’s equations!



But they do interact in an appropriate 
resonant medium..

Let’s find a simple way of describing 
such interaction

We need a couple of assumptions:
1) weak coupling

2) conditions for adiabatic evolution

that a giant rate of nonlinearity is obtained in our fully

quantum-mechanical model. We derive the relative equations

of motion for the involved quantum fields. This allows us to

write the interaction Hamiltonian in a form that explicitly

depends on the photon-number operators of the two quantum

fields. Starting from this point, we show how entangled co-

herent states and Schrödinger cat states are generated when

the initial states of the fields are two independent coherent

states.

The paper is structured as follows: in Sec. II, we describe

the Hamiltonian approach, we have chosen and apply it to

model cross-phase-modulation via EIT !10". In Sec. III, we
apply this method to the atomic scheme for double-EIT sug-

gested in Ref. !17" and we derive the equations of motion for
the quantized fields. Section IV is devoted to the generation

of entangled coherent states and Schrödinger cat states of

light. Finally, in Sec. V, we describe in full detail a scheme

for the detection of the entanglement in the generated en-

tangled coherent state. The detection scheme is based on the

total variance criterion for continuous variable states !18".

II. THE HAMILTONIAN METHOD

The standard method to describe the interaction of elec-

tromagnetic fields in a resonant medium is to derive the

Bloch equations for the atomic density-matrix elements

which, when conditions of adiabaticity and moderate inten-

sities of the fields are valid, can be solved in steady-state

conditions. The solutions are, then, inserted into the Maxwell

equations to show the propagation of the fields. However,

when the number of fields involved in the problem is high

and the atomic system consists of several energy levels, this

procedure can be quite cumbersome.

A much simpler way to derive the field equations is given

by a full Hamiltonian approach !19". According to it, the
polarization of the medium can be expressed as the partial

derivative, with respect to the electric-field amplitude, of the

averaged free-energy density of the atomic medium. In other

words

P!"! #H

#E*
", $1%

where H is the interaction part of the Hamiltonian, E is the
complex amplitude of the electromagnetic field, and P is the
polarization of the medium !19". When several electromag-
netic fields interact with the medium, H can be expressed,

following Ref. !19", as

"H!&
j
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where Bi j are the diagonal elements of the nonlinear third-

order susceptibility, responsible for the nonlinear terms of

the refractive index at frequency ( j . Thus, the polarization

due to the jth electromagnetic field can be written as
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where * j is the Rabi frequency relative to the j th field, dj is

the dipole matrix element of the corresponding transition, N
is the density of the atomic medium, and H! is the single-
particle Hamiltonian. Here, we are assuming that all the at-

oms in the medium are equally coupled to the various fields.

Introducing this equation into the Maxwell-Bloch equa-

tions, we get rid of the atomic variables, obtaining a set of

equations of motion for the Rabi frequencies that, in the

slowly varying envelope approximation $SVEA%, reads
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Changing the reference frame into ,!z,-!t"z/c, the
above equation can be reduced to

#* j
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This approach has been used in Ref. !23" to investigate
the problem of resonant forward four-wave mixing based on

EIT. It is particularly convenient if an open-system Hamil-

tonian model is used to incorporate ab initio the decay rates
of the atomic levels and if the atoms follow adiabatically the

fields evolution. While the first condition can be satisfied

using an effective complex Hamiltonian, the second point

needs more explanations.

Solving the Bloch equations that describe the atomic

density-matrix evolution, one usually invokes the so-called

weak-coupling limit: the fields that couple an initially pre-

pared, collective, atomic state to other states of the atomic

model are assumed to be very weak $usually, there is less
than one photon per atom on an average%. Thus, the probabil-
ity that, after the interaction, a state different from the initial

one is populated is very small. This qualifies the initial state

as a stationary state and the system will evolve in an adia-

batic fashion, following its dynamics. In these conditions, the

averaged Hamiltonian that appears in Eq. $5% can be replaced
by the eigenvalue of H! that, in the limit of vanishing weak-
coupling fields, gives the energy of the initially prepared

state !23". Thus

#* j
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!" i

Ndj
2( j
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where . is the above cited eigenvalue of H! .
The advantages of this approach are evident: the knowl-

edge of the eigenspectrum of the single-atom model suffices

to derive the field equation of motion directly. The quantiza-

tion of the fields is then performed in the canonical way, just

replacing the classical field variables in the effective Hamil-
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Energy of the medium+fields system which, when no 
field is applied, goes back to the energy of the initial 

state of the medium! 



Meaning what?!?

Adiabatic (slow!) evolution of the system driven by the 
light-matter interaction...

Prepare an initial collective state of the medium: It will 
“slowly” evolve following the fields..Easy!

Computationally, I just need the spectrum of H!



Maybe with an example..

tonian represented by the explicit expression of ! and assign-
ing appropriate commutation rules to them "24#. Starting
from this effective, fully quantized Hamiltonian, the quan-

tum generalization of the equations of motion for the fields is

easily derived. We want to stress here that adopting this

Hamiltonian approach, we do not introduce any other ap-

proximation with respect to the semiclassical case: we just

eliminate the atomic variables evolution from that of the

fields without solving the corresponding Bloch equations.

Here, we propose an example to illustrate the power of

the Hamiltonian approach and to show how to get huge non-

linear effects using the interaction of a field with a macro-

scopic atomic ensemble in the EIT regime.

We refer explicitly to Ref. "10# $the atomic model is
sketched in Fig. 1%where, using the usual semiclassical ap-
proach, it has been proved that giant values of the third-order

atomic susceptibility &(3) can be obtained. This result is a
consequence of the a.c. Stark shift experienced by the as-

sumed metastable state !3 ' because of the dispersive cou-
pling, induced by field E2, between states !3 ' and !4 ' .
The Hamiltonian that describes this interaction, with a

canonical transformation and introducing the decay rates of

states !2 ' and !4 ' , in the basis (!1 ' ,!2 ' ,!3 ' ,!4 ' ) have the
effective matrix representation:
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Taking the limit !+ 1!,!+ 2!→0, ! SI tends to zero, which

is the energy of the initially prepared state !1 ' , as assumed in
Ref. "10#.
Having ! SI , the technique described in the preceding sec-

tion can be straightforwardly applied: deriving ! SI , which

now represents an effective interaction Hamiltonian, with re-

spect to + 1
* allows us to get an expression for P1, polariza-
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This is exactly the main result obtained by Schmidt and Ima-

moglu "10#. Taking the real part of the complex &(3) we get
the rate of nonlinearity of this process. Note that, differently

from the works in Refs. "10,25#, here, we do not have any
&(1) because of the assumed perfect resonance in the transi-
tion !1 ' ↔!2 ' and the zero atomic decay rate from state !3 ' .
Measured values of the non linear refractive index, for this

model, are of the order of 10"1cm2/W, resulting in an en-

hancement of the Kerr effect up to six orders of magnitude

with respect to the best measured values for the case of cold

trapped Cs atoms "11#.
The main result of this section has been to show that the

chosen Hamiltonian approach is able to reproduce correctly

the results obtained by solving the equations of motion for

the atomic density-matrix elements. Starting from it, we will

straightforwardly derive the full quantum description of a

model for double EIT.

III. CROSS-PHASE-MODULATION VIA A DOUBLE-EIT

EFFECT

We refer again to Fig. 1 for the details of the following

discussion. As explained above, in the EIT regime, the field

E1 travels in the medium with a very slow group velocity $17
m/sec in Ref. "11#and 45 m/sec in Ref. "22#%, while E2 has a
very high propagation velocity. Harris and Hau proved "12#
that the total phase-shift experienced by field E1 is limited by

the time that the faster of the two fields spends inside the

medium. The efficiency of the nonlinear interaction is, thus,

strongly affected by any velocity mismatch. In order to get

rid of this bottleneck, strategies to induce EIT for both E1
and E2 $double-EIT regime%have been developed. This will

FIG. 1. Sketch of the energy levels of the model by Schmidt and

Imamoglu "10#. Fields E1 and E2 are assumed to be weak with

respect to the strong driving field with fequency . d . , 2 and , 4 are
the decay rates of states !2 ' and !4 ' , respectively. States !1 ' and !3 '
are assumed to be metastable. In condition of two-photon Raman

resonance, the ensemble appears transparent to field E1 that propa-

gates inside it with a very slow group velocity "8,9#. - is the de-

tuning of the !3 ' ↔!4 ' transition: this dispersive coupling induces
a.c. Stark shift in the state !3 ' . This results in a shift of the refrac-
tive index curve of the medium. Because of the steepness of this

curve inside the EIT frequency window for field E1, the value of

&(3) is strongly enhanced "16#.
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easily derived. We want to stress here that adopting this

Hamiltonian approach, we do not introduce any other ap-
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spect to +1
* allows us to get an expression for P1, polariza-

tion of the medium at frequency .1. According to Eq. $3%,
we have

P1$.1%!
N!d12!

2!d34!
2

$-" i,4%!+d!
2*3

!E2!
2E.1

, $9%

and then

& (3)$.1%!
N!d12!

2!d34!
2

/0$-" i,4%!+d!
2*3

. $10%

This is exactly the main result obtained by Schmidt and Ima-

moglu "10#. Taking the real part of the complex & (3) we get
the rate of nonlinearity of this process. Note that, differently

from the works in Refs. "10,25#, here, we do not have any
& (1) because of the assumed perfect resonance in the transi-
tion !1'" !2' and the zero atomic decay rate from state !3' .
Measured values of the non linear refractive index, for this

model, are of the order of 10"1cm2/W, resulting in an en-

hancement of the Kerr effect up to six orders of magnitude

with respect to the best measured values for the case of cold

trapped Cs atoms "11#.
The main result of this section has been to show that the

chosen Hamiltonian approach is able to reproduce correctly

the results obtained by solving the equations of motion for

the atomic density-matrix elements. Starting from it, we will

straightforwardly derive the full quantum description of a

model for double EIT.
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We refer again to Fig. 1 for the details of the following

discussion. As explained above, in the EIT regime, the field

E1 travels in the medium with a very slow group velocity $17
m/sec in Ref. "11# and 45 m/sec in Ref. "22#%, while E2 has a
very high propagation velocity. Harris and Hau proved "12#
that the total phase-shift experienced by field E1 is limited by
the time that the faster of the two fields spends inside the

medium. The efficiency of the nonlinear interaction is, thus,

strongly affected by any velocity mismatch. In order to get

rid of this bottleneck, strategies to induce EIT for both E1
and E2 $double-EIT regime% have been developed. This will

FIG. 1. Sketch of the energy levels of the model by Schmidt and

Imamoglu "10#. Fields E1 and E2 are assumed to be weak with
respect to the strong driving field with fequency .d . ,2 and ,4 are
the decay rates of states !2' and !4', respectively. States !1' and !3'
are assumed to be metastable. In condition of two-photon Raman

resonance, the ensemble appears transparent to field E1 that propa-
gates inside it with a very slow group velocity "8,9#. - is the de-

tuning of the !3'" !4' transition: this dispersive coupling induces
a.c. Stark shift in the state !3'. This results in a shift of the refrac-
tive index curve of the medium. Because of the steepness of this

curve inside the EIT frequency window for field E1, the value of
& (3) is strongly enhanced "16#.
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tum generalization of the equations of motion for the fields is

easily derived. We want to stress here that adopting this

Hamiltonian approach, we do not introduce any other ap-

proximation with respect to the semiclassical case: we just

eliminate the atomic variables evolution from that of the

fields without solving the corresponding Bloch equations.

Here, we propose an example to illustrate the power of

the Hamiltonian approach and to show how to get huge non-

linear effects using the interaction of a field with a macro-

scopic atomic ensemble in the EIT regime.

We refer explicitly to Ref. "10# $the atomic model is
sketched in Fig. 1%where, using the usual semiclassical ap-
proach, it has been proved that giant values of the third-order

atomic susceptibility &(3) can be obtained. This result is a
consequence of the a.c. Stark shift experienced by the as-

sumed metastable state !3 ' because of the dispersive cou-
pling, induced by field E2, between states !3 ' and !4 ' .
The Hamiltonian that describes this interaction, with a

canonical transformation and introducing the decay rates of
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Taking the limit !+ 1!,!+ 2!→0, ! SI tends to zero, which

is the energy of the initially prepared state !1 ' , as assumed in
Ref. "10#.
Having ! SI , the technique described in the preceding sec-

tion can be straightforwardly applied: deriving ! SI , which

now represents an effective interaction Hamiltonian, with re-

spect to + 1
* allows us to get an expression for P1, polariza-
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we have
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This is exactly the main result obtained by Schmidt and Ima-

moglu "10#. Taking the real part of the complex &(3) we get
the rate of nonlinearity of this process. Note that, differently

from the works in Refs. "10,25#, here, we do not have any
&(1) because of the assumed perfect resonance in the transi-
tion !1 ' ↔!2 ' and the zero atomic decay rate from state !3 ' .
Measured values of the non linear refractive index, for this

model, are of the order of 10"1cm2/W, resulting in an en-

hancement of the Kerr effect up to six orders of magnitude

with respect to the best measured values for the case of cold

trapped Cs atoms "11#.
The main result of this section has been to show that the

chosen Hamiltonian approach is able to reproduce correctly

the results obtained by solving the equations of motion for

the atomic density-matrix elements. Starting from it, we will

straightforwardly derive the full quantum description of a

model for double EIT.
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We refer again to Fig. 1 for the details of the following

discussion. As explained above, in the EIT regime, the field

E1 travels in the medium with a very slow group velocity $17
m/sec in Ref. "11#and 45 m/sec in Ref. "22#%, while E2 has a
very high propagation velocity. Harris and Hau proved "12#
that the total phase-shift experienced by field E1 is limited by

the time that the faster of the two fields spends inside the

medium. The efficiency of the nonlinear interaction is, thus,

strongly affected by any velocity mismatch. In order to get

rid of this bottleneck, strategies to induce EIT for both E1
and E2 $double-EIT regime%have been developed. This will

FIG. 1. Sketch of the energy levels of the model by Schmidt and

Imamoglu "10#. Fields E1 and E2 are assumed to be weak with

respect to the strong driving field with fequency . d . , 2 and , 4 are
the decay rates of states !2 ' and !4 ' , respectively. States !1 ' and !3 '
are assumed to be metastable. In condition of two-photon Raman

resonance, the ensemble appears transparent to field E1 that propa-

gates inside it with a very slow group velocity "8,9#. - is the de-

tuning of the !3 ' ↔!4 ' transition: this dispersive coupling induces
a.c. Stark shift in the state !3 ' . This results in a shift of the refrac-
tive index curve of the medium. Because of the steepness of this

curve inside the EIT frequency window for field E1, the value of

&(3) is strongly enhanced "16#.
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ing appropriate commutation rules to them "24#. Starting
from this effective, fully quantized Hamiltonian, the quan-

tum generalization of the equations of motion for the fields is

easily derived. We want to stress here that adopting this

Hamiltonian approach, we do not introduce any other ap-

proximation with respect to the semiclassical case: we just

eliminate the atomic variables evolution from that of the

fields without solving the corresponding Bloch equations.

Here, we propose an example to illustrate the power of

the Hamiltonian approach and to show how to get huge non-

linear effects using the interaction of a field with a macro-

scopic atomic ensemble in the EIT regime.

We refer explicitly to Ref. "10# $the atomic model is
sketched in Fig. 1%where, using the usual semiclassical ap-
proach, it has been proved that giant values of the third-order

atomic susceptibility &(3) can be obtained. This result is a
consequence of the a.c. Stark shift experienced by the as-

sumed metastable state !3 ' because of the dispersive cou-
pling, induced by field E2, between states !3 ' and !4 ' .
The Hamiltonian that describes this interaction, with a

canonical transformation and introducing the decay rates of

states !2 ' and !4 ' , in the basis (!1 ' ,!2 ' ,!3 ' ,!4 ' ) have the
effective matrix representation:
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Assuming, as in Ref. "10#, that !+ 1!,!+ 2!#!+ d!,- ,, 4,

the secular equation for H! results in a fourth-order polyno-
mial, whose coefficients can be expanded in power series of

!+ 1,2!/!+ d!. Retaining just the first significant terms of these
expansions, the relevant eigenvalue is found to be
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Taking the limit !+ 1!,!+ 2!! 0, ! SI tends to zero, which

is the energy of the initially prepared state !1 ' , as assumed in
Ref. "10#.
Having ! SI , the technique described in the preceding sec-

tion can be straightforwardly applied: deriving ! SI , which

now represents an effective interaction Hamiltonian, with re-

spect to + 1
* allows us to get an expression for P1, polariza-

tion of the medium at frequency . 1. According to Eq. $3%,
we have
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This is exactly the main result obtained by Schmidt and Ima-

moglu "10#. Taking the real part of the complex &(3) we get
the rate of nonlinearity of this process. Note that, differently

from the works in Refs. "10,25#, here, we do not have any
&(1) because of the assumed perfect resonance in the transi-
tion !1 ' " !2 ' and the zero atomic decay rate from state !3 ' .
Measured values of the non linear refractive index, for this

model, are of the order of 10"1cm2/W, resulting in an en-

hancement of the Kerr effect up to six orders of magnitude

with respect to the best measured values for the case of cold

trapped Cs atoms "11#.
The main result of this section has been to show that the

chosen Hamiltonian approach is able to reproduce correctly

the results obtained by solving the equations of motion for

the atomic density-matrix elements. Starting from it, we will

straightforwardly derive the full quantum description of a

model for double EIT.
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EFFECT

We refer again to Fig. 1 for the details of the following

discussion. As explained above, in the EIT regime, the field

E1 travels in the medium with a very slow group velocity $17
m/sec in Ref. "11#and 45 m/sec in Ref. "22#%, while E2 has a
very high propagation velocity. Harris and Hau proved "12#
that the total phase-shift experienced by field E1 is limited by
the time that the faster of the two fields spends inside the

medium. The efficiency of the nonlinear interaction is, thus,

strongly affected by any velocity mismatch. In order to get

rid of this bottleneck, strategies to induce EIT for both E1
and E2 $double-EIT regime%have been developed. This will

FIG. 1. Sketch of the energy levels of the model by Schmidt and

Imamoglu "10#. Fields E1 and E2 are assumed to be weak with
respect to the strong driving field with fequency . d . , 2 and , 4 are
the decay rates of states !2 ' and !4 ' , respectively. States !1 ' and !3 '
are assumed to be metastable. In condition of two-photon Raman

resonance, the ensemble appears transparent to field E1 that propa-
gates inside it with a very slow group velocity "8,9#. - is the de-

tuning of the !3 ' " !4 ' transition: this dispersive coupling induces
a.c. Stark shift in the state !3 ' . This results in a shift of the refrac-
tive index curve of the medium. Because of the steepness of this

curve inside the EIT frequency window for field E1, the value of
&(3) is strongly enhanced "16#.
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ing appropriate commutation rules to them "24#. Starting
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tum generalization of the equations of motion for the fields is

easily derived. We want to stress here that adopting this

Hamiltonian approach, we do not introduce any other ap-

proximation with respect to the semiclassical case: we just

eliminate the atomic variables evolution from that of the

fields without solving the corresponding Bloch equations.

Here, we propose an example to illustrate the power of

the Hamiltonian approach and to show how to get huge non-

linear effects using the interaction of a field with a macro-

scopic atomic ensemble in the EIT regime.

We refer explicitly to Ref. "10# $the atomic model is
sketched in Fig. 1%where, using the usual semiclassical ap-
proach, it has been proved that giant values of the third-order

atomic susceptibility &(3) can be obtained. This result is a
consequence of the a.c. Stark shift experienced by the as-

sumed metastable state !3 ' because of the dispersive cou-
pling, induced by field E2, between states !3 ' and !4 ' .
The Hamiltonian that describes this interaction, with a

canonical transformation and introducing the decay rates of
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mial, whose coefficients can be expanded in power series of
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expansions, the relevant eigenvalue is found to be
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Taking the limit !+ 1!,!+ 2!! 0, ! SI tends to zero, which

is the energy of the initially prepared state !1 ' , as assumed in
Ref. "10#.
Having ! SI , the technique described in the preceding sec-

tion can be straightforwardly applied: deriving ! SI , which

now represents an effective interaction Hamiltonian, with re-

spect to + 1
* allows us to get an expression for P1, polariza-

tion of the medium at frequency . 1. According to Eq. $3%,
we have

P1$. 1%!
N!d12!

2!d34!
2

$- " i, 4%!+ d!
2* 3

!E2!
2
E . 1

, $9%

and then

&(3)$. 1%!
N!d12!

2!d34!
2

/ 0$- " i, 4%!+ d!
2* 3

. $10%

This is exactly the main result obtained by Schmidt and Ima-

moglu "10#. Taking the real part of the complex &(3) we get
the rate of nonlinearity of this process. Note that, differently

from the works in Refs. "10,25#, here, we do not have any
&(1) because of the assumed perfect resonance in the transi-
tion !1 ' " !2 ' and the zero atomic decay rate from state !3 ' .
Measured values of the non linear refractive index, for this

model, are of the order of 10" 1cm2/W, resulting in an en-

hancement of the Kerr effect up to six orders of magnitude

with respect to the best measured values for the case of cold

trapped Cs atoms "11#.
The main result of this section has been to show that the

chosen Hamiltonian approach is able to reproduce correctly

the results obtained by solving the equations of motion for

the atomic density-matrix elements. Starting from it, we will

straightforwardly derive the full quantum description of a

model for double EIT.
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EFFECT

We refer again to Fig. 1 for the details of the following

discussion. As explained above, in the EIT regime, the field

E1 travels in the medium with a very slow group velocity $17
m/sec in Ref. "11#and 45 m/sec in Ref. "22#%, while E2 has a
very high propagation velocity. Harris and Hau proved "12#
that the total phase-shift experienced by field E1 is limited by

the time that the faster of the two fields spends inside the

medium. The efficiency of the nonlinear interaction is, thus,

strongly affected by any velocity mismatch. In order to get

rid of this bottleneck, strategies to induce EIT for both E1
and E2 $double-EIT regime%have been developed. This will

FIG. 1. Sketch of the energy levels of the model by Schmidt and

Imamoglu "10#. Fields E1 and E2 are assumed to be weak with

respect to the strong driving field with fequency . d . , 2 and , 4 are
the decay rates of states !2 ' and !4 ' , respectively. States !1 ' and !3 '
are assumed to be metastable. In condition of two-photon Raman

resonance, the ensemble appears transparent to field E1 that propa-

gates inside it with a very slow group velocity "8,9#. - is the de-

tuning of the !3 ' " !4 ' transition: this dispersive coupling induces
a.c. Stark shift in the state !3 ' . This results in a shift of the refrac-
tive index curve of the medium. Because of the steepness of this

curve inside the EIT frequency window for field E1, the value of

&(3) is strongly enhanced "16#.
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A slightly more complicated 
example..

maximize the interaction time, optimizing the efficiency of

the process. While the scheme suggested in Ref. !16", even if
extremely stimulating, seems to be hard to be experimentally

realized, Petrosyan and Kurizki !17" proposed another

scheme for double EIT to simplify the model. Even if it

implies a complication of the atomic energy spectrum, it ap-

pears simpler under a realizable point of view. The energy

scheme is sketched in Fig. 2: it involves a six-level atomic

configuration and four electromagnetic fields. A magnetic-

field splits metastable triplet #!1$,!2$,!3$% by &L and the

excited triplet #!4$,!5$,!6$% by &U'&L . Transition

!2$↔!5$ is assumed to be forbidden, while state !2$ is reso-
nantly coupled to states !4$ and !6$ by means of the two very
weak probes Ea and Eb , respectively. These two fields

couple transitions !1$↔!5$ and !3$↔!5$ with a detuning
!&!!!&U"&L!. The couplings !1$↔!4$ and !3$↔!6$ are
realized by two classical, intense fields of different frequen-

cies but equal Rabi frequencies. In these conditions, the sys-

tem divides itself into two parts. For the subsystem com-

posed of states !1$,!4$,!2$,!5$, EIT is induced for field Ea

while an a.c. Stark shift effect on state !1$ is determined by
Eb to generate the required nonlinear interaction. For the

subsystem composed of states !3$,!6$,!2$,!5$, an analogous
discussion can be done interchanging Ea and Eb . The two

subsystems are related via the nonresonant couplings involv-

ing state !5$ . The double-EIT regime is, thus, established.
As we have discussed above, a Hamiltonian approach re-

veals its advantages when several atomic levels are involved.

In these cases, even if a Maxwell-Bloch approach is still

possible, the procedure itself is rather uncomfortable. Fur-

thermore, the generalization to a fully quantized version of a

nonlinear process can be hard to perform !23".
For the system described in Fig. 2, we write the Hamil-

tonian in the interaction picture:

H!!(&!5$)5!#(#*d!4$)1!#*d!6$)3!#*a!4$)2

!#*b!5$)1!#*b!6$)2!#*ae
"2i&t!5$)3!#c.c.%.

+11,

To show that our method is able to mimic the results

obtained, at the semiclassical level, by the approach chosen

in Ref. !17", we appropriately change the signs in front of
each Rabi frequency in Eq. +11, and we introduce the

excited-states decay rates. In Ref. !17", the sign in front of
each Rabi frequency is chosen according to the Clebsch-

Gordan coefficient of the corresponding transition. Here, this

is performed in a phenomenological way just to match our

model with the one reported there. We finally get the follow-

ing matrix representation of H! for the atomic basis

#!1$,!2$,!3$,!4$,!5$,!6$%:

H!!(" 0 0 0 *d
* "*b

* 0

0 0 0 *a
* 0 "*b

*

0 0 0 0 *a
*e2i&t "*d

*

*d *a 0 "i- 0 0

"*b 0 *ae
"2i&t 0 &"i- 0

0 "*b "*d 0 0 "i-

# . +12,

FIG. 2. This figure shows the atomic model used to get a

double-EIT regime for fields Ea , with frequency .a , and Eb , with

.b . The fields that have frequencies .d1 ,.d2 are assumed to be

classical, in the sense that their intensities is much greater than that

of Ea and Eb . The splitting &U is assumed to be different with

respect to &L . !&!!!&U"&L! is the detuning of field Ea relatively

to the transition !1$↔!5$ and of field Eb with respect to !3$↔!5$.
The excited-states decay rates are assumed to be equal to - , for the
sake of simplicity.
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The solution of the Schrödinger equation for a state

!!"!#
i ,1

6

Ai$ t %!i" $13%

is obtained assuming the weak-field limit !&d!,' ,("!&a ,b!
and that both '#1 and (#1 are larger than T, the character-

istic interaction time of the applied fields with the atomic

medium. Under these conditions, we can use the SVEA for

the atomic probability amplitudes Ai(t) (i!1, . . . ,6) and for
the field amplitudes Ea and Eb : this is equivalent to require

that the amplitudes of the applied weak fields do not change

too much during T. Neglecting the highly oscillating terms,

in such a way that a kind of rotating wave approximation

$RWA% is performed, the probability amplitudes reach sta-
tionary values. Note that this second assumption agrees with

an adiabatic solution of the equations of motion.

If all the atoms in the ensemble are initially prepared in

state !2", in the weak-field limit, we can take A2(t)"1, $t
)T . Reference *17+ shows that the atomic polarizability of
the medium at frequency ,a is given by

-a!
2i-0'!&b!2

$'%i(%!&d!2
, $14%

where -0!N.0 and .0 is the resonant absorption cross sec-
tion, generally defined by .0!!d!2,/2/0c0' . Equation $14%
shows explicitly the effect of the cross-phase-modulation in-

duced by the interaction between the two weak $but classi-
cal% fields: the polarizability at frequency ,a , due to field

Ea , depends on the intensity of field Eb . Since a completely

analogous expression holds for the polarizability -b at fre-

quency ,b , the cross effect is evident. Here, we are assum-

ing that the atomic ensemble is mantained at a sufficiently

low temperature to discard any Doppler broadening. Rigor-

ously speaking, the thermal distribution of the atomic veloci-

ties has an influence on the value of the susceptibility of the

medium, that has to be averaged over the velocity distribu-

tion function. If the temperature of the sample is kept low

$orders of 102 nK in Ref. *11+% and if we adopt a copropa-
gating beams configuration in order to get rid of residual

Doppler shifts, the broadening can be made small and the

average can be avoided *17+.
In the above discussion, the influence by the inherent in-

dex of refraction of the host medium is not considered be-

cause it is negligible compared with the effective refractive

index created by the EIT-group delay. However, it may be

important if slow light is not considered *44+. The contribu-
tion to the background index of refraction from couplings,

not considered in our model for H! is negligible too. Indeed,
it depends, in general, on the inverse of the large detunings

relative to these out-of-resonance couplings.

Introducing -a into the equation of motion for Ea , we get

the solution

Ea$L ,t %!Ea# 0,t# L

c
$ exp% i&

o

L

-adz' , $15%

where L is the interaction length of the fields. Ea experi-

ences, thus, a phase shift due to the presence of the second

field *16,17+.
We now apply the Hamiltonian approach, to show that the

results obtained solving perturbatively both the Maxwell

equations for the fields and the equations for the atomic

probability amplitudes can be obtained just by looking for

the eigenenergy of the system that, for !&a ,b!→0, gives the

energy of state !2" $that is the initial state of the system%.
The secular equation for the matrix H! given in Eq. $12%

is a six-order polynomial expression whose coefficients de-

pend on the Rabi frequencies &a ,b ,d . In the weak-field limit,

we use a series expansion of &a ,b /&d . Retaining just the

first orders and performing that kind of RWA that allows us

to neglect all the very highly oscillating terms, we finally get

1"
20!&a!2!&b!2!&d!2

i'!&!4#(!&d!2!&!2
, $16%

with !&!!!!&a!2%!&b!2%!&d!2.
As pointed out, this equation has to be contrasted with

that for the eigenenergy of state !2" in absence of the weak
probes. If these fields are absent, it is easy to verify that the

atomic model shown in Fig. 2 can be mapped into an effec-

tive five-level system that does not include state !2" . The
diagonalization of the resulting Hamiltonian $obtained from
Eq. $12% getting rid of the second row and column of the

matrix% shows that the states !1" and !4" are dressed by the
intense field with frequency ,d1, while the field with fre-

quency ,d2 dresses the transition !6"↔!3". This shows that
state !2" is the only state that, in absence of weak fields but
with the strong classical ones shined on the medium, has

zero energy. Since, for !&a ,b!→0, we have 1→0, Eq. $16%
is the right solution.

Assuming once more the weak-field limit, we have !&!
"!&d! and the expression for 1 can be approximated to

1"
20!&a!2!&b!2

$ i'#(%!&d!2
. $17%

The partial derivative of Eq. $17% with respect to &a
*

gives us an explicit expression for the polarization of the

medium at frequency ,a and the equation of motion for &a .

The latter, finally, reads

2&a

23
!
2iN.0'!&b!2

$'%i(%!&d!2
&a , $18%

that exactly corresponds to the result semiclassically ob-

tained in Ref. *17+. In the same way, the partial derivative
with respect to &b

* leads to the polarizability at frequency ,b

and to the equation of motion for the Rabi frequency &b .

Because of the symmetry of the system with respect to the

two fields, we easily recognize that their group velocities are

both equal to vg"!&d!2/N.0'&c . This inequality holds us-

ing the values reported in Ref. *10+. As explained above, this
equally slow propagation of the two fields inside the medium

optimizes the cross-phase-modulation effect.

GENERATION OF ENTANGLED COHERENT STATES VIA . . . PHYSICAL REVIEW A 67, 023811 $2003%

023811-5

The solution of the Schrödinger equation for a state
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and that both '# 1 and (# 1 are larger than T, the character-

istic interaction time of the applied fields with the atomic

medium. Under these conditions, we can use the SVEA for

the atomic probability amplitudes Ai(t) (i! 1, . . . ,6) and for
the field amplitudes Ea and Eb : this is equivalent to require

that the amplitudes of the applied weak fields do not change

too much during T. Neglecting the highly oscillating terms,

in such a way that a kind of rotating wave approximation

$RWA% is performed, the probability amplitudes reach sta-
tionary values. Note that this second assumption agrees with

an adiabatic solution of the equations of motion.

If all the atoms in the ensemble are initially prepared in

state !2", in the weak-field limit, we can take A2(t)"1, $ t
)T . Reference *17+ shows that the atomic polarizability of
the medium at frequency ,a is given by

-a!
2i-0'!&b!2
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, $14%

where -0! N.0 and .0 is the resonant absorption cross sec-
tion, generally defined by .0! !d!2,/2/0c0' . Equation $14%
shows explicitly the effect of the cross-phase-modulation in-

duced by the interaction between the two weak $but classi-
cal% fields: the polarizability at frequency ,a , due to field

Ea , depends on the intensity of field Eb . Since a completely

analogous expression holds for the polarizability -b at fre-

quency ,b , the cross effect is evident. Here, we are assum-

ing that the atomic ensemble is mantained at a sufficiently

low temperature to discard any Doppler broadening. Rigor-

ously speaking, the thermal distribution of the atomic veloci-

ties has an influence on the value of the susceptibility of the

medium, that has to be averaged over the velocity distribu-

tion function. If the temperature of the sample is kept low

$orders of 102 nK in Ref. *11+% and if we adopt a copropa-
gating beams configuration in order to get rid of residual

Doppler shifts, the broadening can be made small and the

average can be avoided *17+.
In the above discussion, the influence by the inherent in-

dex of refraction of the host medium is not considered be-

cause it is negligible compared with the effective refractive

index created by the EIT-group delay. However, it may be

important if slow light is not considered *44+. The contribu-
tion to the background index of refraction from couplings,

not considered in our model for H! is negligible too. Indeed,
it depends, in general, on the inverse of the large detunings

relative to these out-of-resonance couplings.

Introducing -a into the equation of motion for Ea , we get

the solution

Ea$L ,t %! Ea# 0,t# L

c
$ exp% i&

o

L

-adz' , $15%

where L is the interaction length of the fields. Ea experi-

ences, thus, a phase shift due to the presence of the second

field *16,17+.
We now apply the Hamiltonian approach, to show that the

results obtained solving perturbatively both the Maxwell

equations for the fields and the equations for the atomic

probability amplitudes can be obtained just by looking for

the eigenenergy of the system that, for !&a ,b!→0, gives the

energy of state !2" $that is the initial state of the system%.
The secular equation for the matrix H! given in Eq. $12%

is a six-order polynomial expression whose coefficients de-

pend on the Rabi frequencies &a ,b ,d . In the weak-field limit,

we use a series expansion of &a ,b /&d . Retaining just the

first orders and performing that kind of RWA that allows us

to neglect all the very highly oscillating terms, we finally get

1"
20!&a!2!&b!2!&d!2

i'!&!4# (!&d!2!&!2
, $16%

with !&!! ! !&a!2%!&b!2%!&d!2.
As pointed out, this equation has to be contrasted with

that for the eigenenergy of state !2" in absence of the weak
probes. If these fields are absent, it is easy to verify that the

atomic model shown in Fig. 2 can be mapped into an effec-

tive five-level system that does not include state !2" . The
diagonalization of the resulting Hamiltonian $obtained from
Eq. $12% getting rid of the second row and column of the

matrix% shows that the states !1" and !4" are dressed by the
intense field with frequency ,d1, while the field with fre-

quency ,d2 dresses the transition !6"↔!3". This shows that
state !2" is the only state that, in absence of weak fields but
with the strong classical ones shined on the medium, has

zero energy. Since, for !&a ,b!→0, we have 1→0, Eq. $16%
is the right solution.

Assuming once more the weak-field limit, we have !&!
"!&d! and the expression for 1 can be approximated to

1"
20!&a!2!&b!2

$ i'# (%!&d!2
. $17%

The partial derivative of Eq. $17% with respect to &a
*

gives us an explicit expression for the polarization of the

medium at frequency ,a and the equation of motion for &a .

The latter, finally, reads

2&a

23
!
2iN.0'!&b!2

$'%i(%!&d!2
&a , $18%

that exactly corresponds to the result semiclassically ob-

tained in Ref. *17+. In the same way, the partial derivative
with respect to &b

* leads to the polarizability at frequency ,b

and to the equation of motion for the Rabi frequency &b .

Because of the symmetry of the system with respect to the

two fields, we easily recognize that their group velocities are

both equal to vg"!&d!2/N.0'& c . This inequality holds us-

ing the values reported in Ref. *10+. As explained above, this
equally slow propagation of the two fields inside the medium

optimizes the cross-phase-modulation effect.
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To have an efficient nonlinear process, the rate of two-

photon-absorption has to be negligible with respect to the

rate of nonlinearity. Since the former quantity is proportional

to the imaginary part of the polarizability, while the latter is

proportional to his real part !12", we can consider the follow-
ing figure of merit for the nonlinear interaction:

#$
Re%&a'
Im%&a'

!
(

)
. *19+

If the experimental conditions are such that (") , then
any absorption can be neglected and the process can be seen

just as a mutually induced phaseshift of the fields. Note that

this is fully consistent with the requirement advanced in the

original theory of giant Kerr nonlinearity by Schmidt and

Imamoglu !10". Adopting the values chosen in Ref. !17", an
interaction length of the order of centimeter and an interac-

tion time of some microsecond-lead, for two focused beams

Ea and Eb , to a total phase shift *obtained integrating

Re%&a' over the interaction length+ that can easily reach , .
With these orders of magnitude, the total two-photon-

absorption probability is smaller than 1%.

The quantization of the fields, now, proceeds as follows:

we replace the complex Rabi frequencies that appear in Eq.

*17+ with the positive and negative frequency components of
the corresponding field operators *that satisfy the bosonic
commutation rules !-̂ i ,-̂ j

†"./ i j 1̂, with / i j the Kronecker
symbol, 1̂ the identity operator, and i , j!a ,b), multiply the

expression that is, thus, obtained by the density of the atoms

in the ensemble *N+ and integrate over the interaction volume
V!AL , with A the effective cross section of the fields. Fol-

lowing this recipe, we get an effective Hamiltonian operator

that describes, in a completely quantum picture, the nonlin-

ear interaction of two quantum fields that propagate inside a

dense medium in condition of double EIT:

Ĥe f f!
20AN

* i)#(+!0
L-̂a

†-̂a-̂b
†-̂b

"-d"
2

dz . *20+

For the case of pulses propagating inside the nonlinear

medium, we can follow a treatment analogous to that devel-

oped in Ref. !27". Thus, adopting the narrow bandwidth ap-
proximation and assuming a finite range of frequencies in-

volved in the superpositions that build up the pulses, we

introduce the slowly varying positive frequency operator

-̂a(z ,t)!d241k!(2a
car/2030Vq) âk(t)e

#i(2k#2
a
car
)z/c and the

analogous for -̂b(z ,t), where we explicitly introduced the

annihilation operators âk . Here, Vq is the quantization vol-

ume, k is a label for the different wavelengths appearing in

the superposition, and 2a
car is the central *carrier+ frequency

of the pulse: the narrow-bandwidth approximation consists in

assuming that the width of the pulses, in the frequency do-

main, is smaller than the carrier frequency itself. When the

spatial integration is carried on, assuming that the medium

length is longer than all the wavevelengths in the pulses, the

main contribution to Ĥe f f is due to terms as 1kâk
†(t) âk(t)

*and the same for field Eb) which define the total photon-

number operator in the pulse N̂a (N̂b). In the case of single-

mode field, as a cw laser beam, the sum that appears in the

definition of -̂a ,b(z ,t) collapses and -̂a(z ,t)

!d24!(2a/2030Vq) âe
#i(2at#kaz). Assuming #"1 and

properly collecting all the nonoperatorial quantities into a

rate of nonlinearity 4 , we can write Eq. *20+ as

Ĥe f f!04 â†â b̂†b̂ , *21+

with

4!Re# N2a2b"d24"
2"d26"

2

20230
2* i)#(+"-d"

2V
$, *22+

where we have assumed that the interaction volume coin-

cides with the quantization one. This cw-mode configuration

allows us to give very interesting insights into the potentiali-

ties of the described system. Its validity is discussed in de-

tails later in this section. This assumption was also employed

in Ref. !16".
Let us briefly turn to some experimental details. A prom-

ising candidate to embody the atomic model, we used for the

double-EIT regime is a crystal of Y2SiO5 doped with Pr
3$

ions *Pr:YSO+ !26", both for an interesting similarity be-
tween the energy-level scheme described here and that of the

transition 3H4→1D2 in this crystal and for the possibility we

have, in a solid-state system, to limit the effect of the Dop-

pler broadening. This solid-state system is notable for its

relatively narrow-linewidth EIT that, very recently, enabled

the observation of ultraslow group velocity (545 m/sec) and
storage of light pulses *measured delay times greater than
65 6sec) !22". For the 3H4→1D2 transition at a wavelength

of 7600 nm considered in Ref. !22", the ground-state popu-
lation lifetime is of the order of minutes. The crystal sample

can be taken as long as 1 mm and the laser beams used in the

nonlinear interaction can be focused, by a lens, to have a

typical diameter of 100 6m *full width at half maximum+. A
realistic value for the excited-states decay rate ) range be-

tween 10 and 100 kHz *close to the measured values for a
sample at a temperature of 5 K+ that, for detuning (
71 MHz and coupling field Rabi frequency "-d"71 MHz
allows us to consider )%( ,"-d", in accordance with our
treatment. The electric dipole matrix elements for the system

under examination are three orders of magnitude weaker than

those, for the same range of frequencies, in alkali atoms.

Taking, as typical values for an alkali atom d710#29 Cm,

we can assume "d24"%"d26"710
#32 Cm. Finally, the atomic

density is taken as N71015 cm#3. Putting these values in

Eq. *22+, we find that interaction times 8 in the range of 6sec
allow to reach a cross-phase shift 9!487, even when the

intensity of the beams involved *proportional to :n̂a ,b;) is no
more than a few photons. We will see in the following sec-

tion, how important, for the purposes of this paper, is the

ability to get a , cross-phase shift of the interacting fields.

For the case of pulses interacting in the atomic sample,

some experimental difficulties rise. First of all, effects of

diffraction, focusing and defocusing on Ea and Eb are to be

considered: they are due to the transverse intensity profile of
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Quantum mechanically..

To have an efÞcientnonlinearprocess,the rate of two-
photon-absorptionhas to be negligible with respectto the
rateof nonlinearity. Sincetheformerquantityis proportional
to the imaginarypart of the polarizability, while the latter is
proportionalto his realpart!12", we canconsiderthefollow-
ing Þgureof merit for the nonlinearinteraction:

#$
Re%&a'
Im%&a'

!
(

)
. *19+

If the experimentalconditionsare such that (" ), then
anyabsorptioncanbeneglectedandtheprocesscanbeseen
just asa mutually inducedphaseshiftof the Þelds.Note that
this is fully consistentwith the requirementadvancedin the
original theory of giant Kerr nonlinearity by Schmidt and
Imamoglu!10". Adopting the valueschosenin Ref. !17", an
interactionlengthof the orderof centimeterandan interac-
tion time of somemicrosecond-lead,for two focusedbeams
Ea and Eb , to a total phase shift *obtained integrating
Re%&a' over the interactionlength+ that caneasilyreach,.
With these orders of magnitude, the total two-photon-
absorptionprobability is smallerthan1%.

The quantizationof the Þelds,now, proceedsas follows:
we replacethe complexRabi frequenciesthat appearin Eq.
*17+ with thepositiveandnegativefrequencycomponentsof
the correspondingÞeld operators*that satisfy the bosonic
commutationrules !-̂ i ,-̂ j
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expressionthat is, thus,obtainedby thedensityof theatoms
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lowing this recipe,we get an effective Hamiltonianoperator
that describes,in a completelyquantumpicture, the nonlin-
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20AN
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  -̂b

"-d"
2
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For the caseof pulsespropagatinginside the nonlinear
medium,we canfollow a treatmentanalogousto that devel-
opedin Ref. !27". Thus,adoptingthe narrowbandwidthap-
proximationand assuminga Þnite rangeof frequenciesin-
volved in the superpositionsthat build up the pulses,we
introduce the slowly varying positive frequency operator

-̂a(z,t)! d241k! (2a
car/2030Vq) âk(t)e
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car)z/c andthe

analogousfor -̂b(z,t), wherewe explicitly introducedthe
annihilationoperatorsâk . Here,Vq is the quantizationvol-
ume,k is a label for the differentwavelengthsappearingin
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car is thecentral*carrier+ frequency
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  (t) âk(t)
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where we have assumedthat the interactionvolume coin-
cideswith thequantizationone.This cw-modeconÞguration
allowsus to give very interestinginsightsinto thepotentiali-
ties of the describedsystem.Its validity is discussedin de-
tails later in this section.This assumptionwasalsoemployed
in Ref. !16".

Let us brießy turn to someexperimentaldetails.A prom-
ising candidateto embodytheatomicmodel,we usedfor the
double-EITregimeis a crystal of Y2SiO5 dopedwith Pr3$

ions *Pr:YSO+ !26", both for an interestingsimilarity be-
tweentheenergy-levelschemedescribedhereandthatof the
transition3H4→1D2 in this crystalandfor thepossibilitywe
have,in a solid-statesystem,to limit the effect of the Dop-
pler broadening.This solid-statesystemis notable for its
relatively narrow-linewidthEIT that, very recently, enabled
theobservationof ultraslowgroupvelocity (545 m/sec)and
storageof light pulses*measureddelay times greaterthan
65 6sec)!22". For the 3H4→1D2 transitionat a wavelength
of 7600 nm consideredin Ref. !22", the ground-statepopu-
lation lifetime is of the orderof minutes.The crystalsample
canbetakenaslong as1 mm andthelaserbeamsusedin the
nonlinear interactioncan be focused,by a lens, to have a
typical diameterof 100 6m *full width at half maximum+. A
realistic value for the excited-statesdecayrate ) rangebe-
tween10 and 100 kHz *closeto the measuredvaluesfor a
sample at a temperatureof 5 K+ that, for detuning (
71 MHz and coupling Þeld Rabi frequency"-d"71 MHz
allows us to consider)%(,"-d", in accordancewith our
treatment.Theelectricdipolematrix elementsfor thesystem
underexaminationarethreeordersof magnitudeweakerthan
those, for the samerangeof frequencies,in alkali atoms.
Taking, as typical valuesfor an alkali atom d710# 29 Cm,
we canassume"d24"%"d26"710# 32 Cm. Finally, the atomic
density is taken as N71015 cm# 3. Putting thesevaluesin
Eq. *22+, we Þndthatinteractiontimes8 in therangeof 6sec
allow to reacha cross-phaseshift 9! 487, evenwhenthe
intensityof thebeamsinvolved *proportionalto :n̂a,b;) is no
more thana few photons.We will seein the following sec-
tion, how important, for the purposesof this paper, is the
ability to get a , cross-phaseshift of the interactingÞelds.

For the caseof pulsesinteractingin the atomic sample,
some experimentaldifÞculties rise. First of all, effects of
diffraction, focusinganddefocusingon Ea andEb areto be
considered:theyaredueto the transverseintensityproÞleof
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To have an efficient nonlinear process, the rate of two-

photon-absorption has to be negligible with respect to the

rate of nonlinearity. Since the former quantity is proportional

to the imaginary part of the polarizability, while the latter is

proportional to his real part !12", we can consider the follow-
ing figure of merit for the nonlinear interaction:
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Imamoglu !10". Adopting the values chosen in Ref. !17", an
interaction length of the order of centimeter and an interac-

tion time of some microsecond-lead, for two focused beams

Ea and Eb , to a total phase shift *obtained integrating
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With these orders of magnitude, the total two-photon-

absorption probability is smaller than 1%.

The quantization of the fields, now, proceeds as follows:
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†"./ i j1̂, with / i j the Kronecker
symbol, 1̂ the identity operator, and i , j!a ,b), multiply the

expression that is, thus, obtained by the density of the atoms

in the ensemble *N+ and integrate over the interaction volume
V!AL , with A the effective cross section of the fields. Fol-

lowing this recipe, we get an effective Hamiltonian operator

that describes, in a completely quantum picture, the nonlin-

ear interaction of two quantum fields that propagate inside a

dense medium in condition of double EIT:

Ĥe f f!
20AN

* i)#(+!0
L-̂a

†-̂a-̂b
†-̂b

"-d"
2

dz . *20+

For the case of pulses propagating inside the nonlinear

medium, we can follow a treatment analogous to that devel-

oped in Ref. !27". Thus, adopting the narrow bandwidth ap-
proximation and assuming a finite range of frequencies in-

volved in the superpositions that build up the pulses, we

introduce the slowly varying positive frequency operator

-̂a(z ,t)!d241k! (2a
car/2030Vq) âk(t)e

#i(2k#2
a
car
)z/c and the

analogous for -̂b(z ,t), where we explicitly introduced the

annihilation operators âk . Here, Vq is the quantization vol-

ume, k is a label for the different wavelengths appearing in

the superposition, and 2a
car is the central *carrier+ frequency

of the pulse: the narrow-bandwidth approximation consists in

assuming that the width of the pulses, in the frequency do-

main, is smaller than the carrier frequency itself. When the

spatial integration is carried on, assuming that the medium

length is longer than all the wavevelengths in the pulses, the

main contribution to Ĥe f f is due to terms as 1kâk
†(t) âk(t)

*and the same for field Eb) which define the total photon-

number operator in the pulse N̂a (N̂b). In the case of single-

mode field, as a cw laser beam, the sum that appears in the

definition of -̂a ,b(z ,t) collapses and -̂a(z ,t)

!d24! (2a/2030Vq) âe
#i(2at#kaz). Assuming #"1 and

properly collecting all the nonoperatorial quantities into a

rate of nonlinearity 4 , we can write Eq. *20+ as

Ĥe f f!04 â†â b̂†b̂ , *21+

with

4!Re# N2a2b"d24"
2"d26"

2

20230
2* i)#(+"-d"

2V
$, *22+

where we have assumed that the interaction volume coin-

cides with the quantization one. This cw-mode configuration

allows us to give very interesting insights into the potentiali-

ties of the described system. Its validity is discussed in de-

tails later in this section. This assumption was also employed

in Ref. !16".
Let us briefly turn to some experimental details. A prom-

ising candidate to embody the atomic model, we used for the

double-EIT regime is a crystal of Y2SiO5 doped with Pr
3$

ions *Pr:YSO+ !26", both for an interesting similarity be-
tween the energy-level scheme described here and that of the

transition 3H4!
1D2 in this crystal and for the possibility we

have, in a solid-state system, to limit the effect of the Dop-

pler broadening. This solid-state system is notable for its

relatively narrow-linewidth EIT that, very recently, enabled

the observation of ultraslow group velocity (545 m/sec) and
storage of light pulses *measured delay times greater than
65 6sec) !22". For the 3H4!

1D2 transition at a wavelength

of 7600 nm considered in Ref. !22", the ground-state popu-
lation lifetime is of the order of minutes. The crystal sample

can be taken as long as 1 mm and the laser beams used in the

nonlinear interaction can be focused, by a lens, to have a

typical diameter of 100 6m *full width at half maximum+. A
realistic value for the excited-states decay rate ) range be-

tween 10 and 100 kHz *close to the measured values for a
sample at a temperature of 5 K+ that, for detuning (
71 MHz and coupling field Rabi frequency "-d"71 MHz
allows us to consider )%( ,"-d", in accordance with our
treatment. The electric dipole matrix elements for the system

under examination are three orders of magnitude weaker than

those, for the same range of frequencies, in alkali atoms.

Taking, as typical values for an alkali atom d710#29 Cm,

we can assume "d24"%"d26"710
#32 Cm. Finally, the atomic

density is taken as N71015 cm#3. Putting these values in

Eq. *22+, we find that interaction times 8 in the range of 6sec
allow to reach a cross-phase shift 9!487, even when the

intensity of the beams involved *proportional to :n̂a ,b;) is no
more than a few photons. We will see in the following sec-

tion, how important, for the purposes of this paper, is the

ability to get a , cross-phase shift of the interacting fields.

For the case of pulses interacting in the atomic sample,

some experimental difficulties rise. First of all, effects of

diffraction, focusing and defocusing on Ea and Eb are to be

considered: they are due to the transverse intensity profile of
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To have an efÞcientnonlinearprocess,the rate of two-
photon-absorptionhas to be negligible with respectto the
rateof nonlinearity. Sincetheformerquantityis proportional
to the imaginarypart of the polarizability, while the latter is
proportionalto his realpart !12", we canconsiderthefollow-
ing Þgureof merit for the nonlinearinteraction:

#$
Re%&a'
Im%&a'

!
(

)
. *19+

If the experimentalconditionsare such that ( " ) , then
anyabsorptioncanbeneglectedandtheprocesscanbeseen
just asa mutually inducedphaseshiftof the Þelds.Note that
this is fully consistentwith the requirementadvancedin the
original theory of giant Kerr nonlinearity by Schmidt and
Imamoglu!10". Adopting the valueschosenin Ref. !17", an
interactionlengthof the orderof centimeterandan interac-
tion time of somemicrosecond-lead,for two focusedbeams
Ea and Eb , to a total phase shift *obtained integrating
Re%&a' over the interactionlength+that caneasilyreach, .
With these orders of magnitude, the total two-photon-
absorptionprobability is smallerthan1%.

The quantizationof the Þelds,now, proceedsas follows:
we replacethe complexRabi frequenciesthat appearin Eq.
*17+with thepositiveandnegativefrequencycomponentsof
the correspondingÞeld operators*that satisfy the bosonic
commutationrules ! -öi ,-ö j

  ". / i j1ö, with / i j the Kronecker
symbol,1ö the identity operator, and i , j ! a,b), multiply the
expressionthat is, thus,obtainedby thedensityof theatoms
in theensemble*N+andintegrateovertheinteractionvolume
V! AL, with A the effective crosssectionof the Þelds.Fol-
lowing this recipe,we get an effective Hamiltonianoperator
that describes,in a completelyquantumpicture, the nonlin-
earinteractionof two quantumÞeldsthat propagateinsidea
densemediumin conditionof doubleEIT:

Höef f !
20AN

*i ) # ( +!0

L-öa
  -öa-öb

  -öb

"- d"
2

dz. *20+

For the caseof pulsespropagatinginside the nonlinear
medium,we canfollow a treatmentanalogousto that devel-
opedin Ref. !27". Thus,adoptingthe narrowbandwidthap-
proximationand assuminga Þnite rangeof frequenciesin-
volved in the superpositionsthat build up the pulses,we
introduce the slowly varying positive frequency operator

-öa(z,t)! d241 k! (2 a
car /2030Vq)aök(t)e

# i (2 k# 2 a
car )z/c andthe

analogousfor -öb(z,t), wherewe explicitly introducedthe
annihilationoperatorsaök . Here,Vq is the quantizationvol-
ume,k is a label for the differentwavelengthsappearingin
thesuperposition,and2 a

car is thecentral*carrier+frequency
of thepulse:thenarrow-bandwidthapproximationconsistsin
assumingthat the width of the pulses,in the frequencydo-
main, is smallerthan the carrier frequencyitself. When the
spatial integrationis carriedon, assumingthat the medium
lengthis longerthanall thewavevelengthsin thepulses,the
main contribution to Höef f is due to termsas 1 kaök

  (t)aök(t)
*and the samefor Þeld Eb) which deÞnethe total photon-

numberoperatorin thepulseNöa (Nöb). In thecaseof single-
modeÞeld,asa cw laserbeam,the sumthat appearsin the
deÞnition of -öa,b(z,t) collapses and -öa(z,t)
! d24! (2 a/2030Vq)aöe# i (2 at# kaz). Assuming # " 1 and
properly collecting all the nonoperatorialquantitiesinto a
rateof nonlinearity4, we canwrite Eq. *20+as

Höef f ! 04aö  aöbö  bö, *21+

with

4! Re# N2 a2 b"d24"
2"d26"

2

20230
2*i ) # ( +"- d"

2V$, *22+

where we have assumedthat the interactionvolume coin-
cideswith thequantizationone.This cw-modeconÞguration
allowsus to give very interestinginsightsinto thepotentiali-
ties of the describedsystem.Its validity is discussedin de-
tails later in this section.This assumptionwasalsoemployed
in Ref. !16".

Let us brießy turn to someexperimentaldetails.A prom-
ising candidateto embodytheatomicmodel,we usedfor the
double-EITregimeis a crystal of Y2SiO5 dopedwith Pr3$

ions *Pr:YSO+ !26", both for an interestingsimilarity be-
tweentheenergy-levelschemedescribedhereandthatof the
transition3H4! 1D2 in this crystalandfor thepossibilitywe
have,in a solid-statesystem,to limit the effect of the Dop-
pler broadening.This solid-statesystemis notable for its
relatively narrow-linewidthEIT that, very recently, enabled
theobservationof ultraslowgroupvelocity (5 45 m/sec)and
storageof light pulses*measureddelay times greaterthan
65 6 sec)!22". For the 3H4! 1D2 transitionat a wavelength
of 7 600 nm consideredin Ref. !22", the ground-statepopu-
lation lifetime is of the orderof minutes.The crystalsample
canbetakenaslong as1 mm andthelaserbeamsusedin the
nonlinear interactioncan be focused,by a lens, to have a
typical diameterof 100 6 m *full width at half maximum+. A
realistic value for the excited-statesdecayrate ) rangebe-
tween10 and 100 kHz *closeto the measuredvaluesfor a
sample at a temperatureof 5 K+ that, for detuning (
7 1 MHz and coupling Þeld Rabi frequency"- d"7 1 MHz
allows us to consider) %( ,"- d", in accordancewith our
treatment.Theelectricdipolematrix elementsfor thesystem
underexaminationarethreeordersof magnitudeweakerthan
those, for the samerangeof frequencies,in alkali atoms.
Taking, as typical valuesfor an alkali atom d7 10# 29 Cm,
we canassume"d24"%"d26"7 10# 32 Cm. Finally, the atomic
density is taken as N7 1015 cm# 3. Putting thesevaluesin
Eq.*22+, we Þndthatinteractiontimes8 in therangeof 6 sec
allow to reacha cross-phaseshift 9 ! 487 , evenwhenthe
intensityof thebeamsinvolved*proportionalto :nöa,b; ) is no
more thana few photons.We will seein the following sec-
tion, how important, for the purposesof this paper, is the
ability to get a , cross-phaseshift of the interactingÞelds.

For the caseof pulsesinteractingin the atomic sample,
some experimentaldifÞculties rise. First of all, effects of
diffraction, focusinganddefocusingon Ea andEb areto be
considered:theyaredueto the transverseintensityproÞleof
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For instance, good NLM is a crystal of Y2SiO5 doped with Pr3+ .

Which is the target?

To have an efficient nonlinear process, the rate of two-

photon-absorption has to be negligible with respect to the

rate of nonlinearity. Since the former quantity is proportional

to the imaginary part of the polarizability, while the latter is

proportional to his real part !12", we can consider the follow-
ing figure of merit for the nonlinear interaction:

#$
Re%&a'
Im%&a'

!
(

)
. *19+

If the experimental conditions are such that ( ") , then
any absorption can be neglected and the process can be seen

just as a mutually induced phaseshift of the fields. Note that

this is fully consistent with the requirement advanced in the

original theory of giant Kerr nonlinearity by Schmidt and

Imamoglu !10". Adopting the values chosen in Ref. !17", an
interaction length of the order of centimeter and an interac-

tion time of some microsecond-lead, for two focused beams

Ea and Eb , to a total phase shift *obtained integrating

Re%&a' over the interaction length+that can easily reach , .
With these orders of magnitude, the total two-photon-

absorption probability is smaller than 1%.

The quantization of the fields, now, proceeds as follows:

we replace the complex Rabi frequencies that appear in Eq.

*17+with the positive and negative frequency components of
the corresponding field operators *that satisfy the bosonic
commutation rules ! -̂ i , -̂ j

†". / i j1̂, with / i j the Kronecker
symbol, 1̂ the identity operator, and i , j!a ,b), multiply the

expression that is, thus, obtained by the density of the atoms

in the ensemble *N+and integrate over the interaction volume
V!AL , with A the effective cross section of the fields. Fol-

lowing this recipe, we get an effective Hamiltonian operator

that describes, in a completely quantum picture, the nonlin-

ear interaction of two quantum fields that propagate inside a

dense medium in condition of double EIT:

Ĥe f f!
20AN

*i) #( +!0
L -̂ a

† -̂ a -̂ b
† -̂ b

"- d"2
dz . *20+

For the case of pulses propagating inside the nonlinear

medium, we can follow a treatment analogous to that devel-

oped in Ref. !27". Thus, adopting the narrow bandwidth ap-
proximation and assuming a finite range of frequencies in-

volved in the superpositions that build up the pulses, we

introduce the slowly varying positive frequency operator

-̂ a(z ,t)!d241 k!(2 a
car/2030Vq) âk(t)e

#i(2 k#2
a
car
)z/c and the

analogous for -̂ b(z ,t), where we explicitly introduced the

annihilation operators âk . Here, Vq is the quantization vol-

ume, k is a label for the different wavelengths appearing in

the superposition, and 2 a
car is the central *carrier+frequency

of the pulse: the narrow-bandwidth approximation consists in

assuming that the width of the pulses, in the frequency do-

main, is smaller than the carrier frequency itself. When the

spatial integration is carried on, assuming that the medium

length is longer than all the wavevelengths in the pulses, the

main contribution to Ĥe f f is due to terms as 1 kâk
†(t) âk(t)

*and the same for field Eb) which define the total photon-

number operator in the pulse N̂a (N̂b). In the case of single-

mode field, as a cw laser beam, the sum that appears in the

definition of -̂ a ,b(z ,t) collapses and -̂ a(z ,t)

!d24!(2 a/2030Vq) âe
#i(2 at#kaz). Assuming # "1 and

properly collecting all the nonoperatorial quantities into a

rate of nonlinearity 4 , we can write Eq. *20+as

Ĥe f f!04 â†â b̂†b̂ , *21+

with

4!Re# N2 a2 b"d24"2"d26"2

20230
2*i) #( +"- d"2V

$ , *22+

where we have assumed that the interaction volume coin-

cides with the quantization one. This cw-mode configuration

allows us to give very interesting insights into the potentiali-

ties of the described system. Its validity is discussed in de-

tails later in this section. This assumption was also employed

in Ref. !16".
Let us briefly turn to some experimental details. A prom-

ising candidate to embody the atomic model, we used for the

double-EIT regime is a crystal of Y2SiO5 doped with Pr
3$

ions *Pr:YSO+ !26", both for an interesting similarity be-
tween the energy-level scheme described here and that of the

transition 3H4!
1D2 in this crystal and for the possibility we

have, in a solid-state system, to limit the effect of the Dop-

pler broadening. This solid-state system is notable for its

relatively narrow-linewidth EIT that, very recently, enabled

the observation of ultraslow group velocity (5 45 m/sec) and
storage of light pulses *measured delay times greater than
65 6 sec) !22". For the 3H4!

1D2 transition at a wavelength

of 7 600 nm considered in Ref. !22", the ground-state popu-
lation lifetime is of the order of minutes. The crystal sample

can be taken as long as 1 mm and the laser beams used in the

nonlinear interaction can be focused, by a lens, to have a

typical diameter of 100 6m *full width at half maximum+. A
realistic value for the excited-states decay rate ) range be-

tween 10 and 100 kHz *close to the measured values for a
sample at a temperature of 5 K+ that, for detuning (
7 1 MHz and coupling field Rabi frequency "- d"7 1 MHz
allows us to consider ) %( ,"- d", in accordance with our
treatment. The electric dipole matrix elements for the system

under examination are three orders of magnitude weaker than

those, for the same range of frequencies, in alkali atoms.

Taking, as typical values for an alkali atom d7 10#29 Cm,

we can assume "d24"%"d26"7 10#32 Cm. Finally, the atomic

density is taken as N7 1015 cm#3. Putting these values in

Eq. *22+, we find that interaction times 8 in the range of 6 sec
allow to reach a cross-phase shift 9 !487 , even when the

intensity of the beams involved *proportional to : n̂a ,b; ) is no
more than a few photons. We will see in the following sec-

tion, how important, for the purposes of this paper, is the

ability to get a , cross-phase shift of the interacting fields.

For the case of pulses interacting in the atomic sample,

some experimental difficulties rise. First of all, effects of

diffraction, focusing and defocusing on Ea and Eb are to be

considered: they are due to the transverse intensity profile of
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even when just a few photons enter the crystal 

Ideally, we would like to get

Other promising examples exist.

But, why do we need this value? 



Dö÷a! " #! exp! " aö†e" i$nöb" " *aöei$nöb#,
!29#

Dö÷b! %#! exp! %bö†e" i$nöa" %*böei$nöa#.

Introducing Eq. !29# into Eq. !26#, we get the time-
dependent state of the two fields:

!&! t#' ab! Dö÷a! " #Dö÷b! %#!0 ' a ! !0 ' b

! e" !" !2/2e" aö†e" i$nöb!0 ' a ! !%' b , !30#

where the Campbell-Baker-Haussdorff theorem (31) and the
fact that a coherent state is an eigenstate of the annihilation

operator have been used. Using the representation of coher-

ent states in the Fock number states, we have

!&! t#' ab! e" !%!2/2*
n,0

+ %n

!n!
!" e" i$n' a! !n' b . !31#

If we are experimentally able to set the interaction time

and the value of the rate of nonlinearity so that $ ! , then,

splitting the sum in Eq. !31# into one over the odd values of
n and one over the even ones, the evolved state of the two
initially noninteracting fields takes the form (32)

!&! , /- #' ab. !" ' a/ !%' # !" %' 0b# !" " ' a/ !%' " !" %' 0b .

!32#

This is a particular expression for an entangled coherent

state: it can be reduced to the more familiar form !" ' a!%' b
# !" " ' a!" %' b unitarily acting on the subsystem b. To prove
the entanglement, we have to show the correlation of the

fields of modes a and b as we unitarily transform, gradually,
from !%' b to !%' b$ !" %' b . However, this involves another

nonlinear interaction. We thus discuss an indirect way to

prove the production of the entangled coherent state.

In Eq. !32#, linear superpositions of the coherent states
!%' b and !" %' b are Schrödinger cat states

!%' b# !" %' b. *
j ,0

+ %2 j

!! 2 j #!
!2 j ' b ,

!%' b" !" %' b. *
j ,0

+ %2 j # 1

!! 2 j # 1#!
!2 j # 1 ' b , !33#

which are sometimes called as the even and odd coherent

states. As shown in Eq. !32#, a time-controlled interaction of
two fields in initially prepared coherent states results in an

entangled state: if we properly normalize state !&(, /- ) ' ab

and we look to the reduced density operator of the field Eöa
alone !tracing over b mode#, we find an incoherent mixture
of two coherent states which are out of phase by , (32).
Suppose we are, somehow, able to discern the state in

which field Eöa is, after its crossing through our model of

highly nonlinear medium. Because of the entangled structure

of Eq. !32#, the state of field Eöb is projected onto one of the

equally weighted superpositions of , -out-of-phase coherent
states !%' b$ !" %' b : it collapses into a Schrödinger cat state.

The point, now, is to show how to reliably discern the state

of field Eöa .

To achieve this target, we need a 50:50 beam splitter

!BS#. After passing through a beam splitter, two coherent

input fields !" ' !1 ' become (33)

Böac!" ' a!1 ' c! "" # 1

!2 #
a÷
"" " # 1

!2 #
c÷

, !34#

where Böac2 e(, /4)(a
ö†cö" aöcö†), with a (a÷) and c (c÷) as the input

!output#modes of the beam splitter.

Thus, taking 1 ! " and referring to Fig. 3, we have the

following readout scheme: if the input mode a is in the state
!" ' a , then detector 1 will click, revealing that some photons

arrived at it, while detector 2 will not click. In this case, the

field mode b will be projected in the even coherent state. In
the opposite occasion, the field mode b will be in the odd
coherent state. Of course, there is a possibility to have both

the detectors not to click. In this case, we do not know where

the mode a is so we have to repeat the experiment till we
have one detector to click.

V. DETECTION OF A CAT STATE

The quantum state of an electromagnetic field is com-

pletely and unambigously determined once all the moments

of its statistical distribution function are determined (31). To
get this task, we need the density matrix 3ö of the state of the
field: it contains all the available information about the given

FIG. 3. Detection scheme to infer the state of the field mode a.
In this figure, it is shown the symbol used to represent a photode-

tector and that for the 50:50 beam splitter !BS#. According to Eq.
!34#, Detector 1 (2) clicks just if the state of mode a is !" ' a

(!" " ' a). Using this readout scheme, we have the possibility to

generate an even or an odd coherent state of the field mode b.
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Quantum state engineering
is possible!

Laser field

Laser field
NLM Entangled light!

1) Resource for all-optical QIP.

2) Tests of foundations of QM made possible (original plan of talk).

3) Off-line resource for preparation of entangled matter-like systems

..Just ask Myungshik or myself...  
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1300cm , leadingto a strongquasi-thermalpopulationdis-
tribution betweenthetwo greenemittingstates,which have an
energy gap of 740cm . Theratio betweentheseemissions
as a function of pump power is shown in the inset to Fig. 1.
Fromthis ratio, anestimateof theeffective temperatureof the
modevolumewithin thespherecanbemade[7], [10], providing
uswith anupperpumppower limit beforetheonsetof thermal
damage.We assumethat thedetectionsystemhasanequalre-
sponseatbothwavelengths,andhaveadoptedtheratioof spon-
taneousemissionratesfromearlierworkonEr: Yb-dopedphos-
phateglass[7], [10], with somemodificationsfor IOG2 [6].

For a launchedpumppower in therangefrom 27 to 46 mW,
we observeda constantintensityratio of 1.6, indicatinga tem-
peratureof 210 C.Whenthepumppoweris increasedtheratio
jumps to 2.4, indicating a temperaturejust over 315 C, i.e.,
60 C below the glasstransitiontemperature, [6]. Sucha
suddenincreasein intensity is due to a portion of the pump
field going into resonancewith a cavity mode.This is caused
by a thermallyinducedshift in therefractive index [11], anda
changein thecavity size.Theresonanceconditionresultsin a
build-upof pumpdensityin thesphere,andacorrespondingin-
creasein theintensityof emissions.From53to 69mW, theratio
again remainsconstant.Once69mW is launchedinto thefiber,
theintensityratio increasesrapidly.For example,with 72-mW
launchedpower a ratio of 3.2 is observed,correspondingto a
modetemperatureof 427 C—well above . Even at this tem-
perature,therewere no visible signsof thermaldamage,due
to the bulk of the materialabsorbingthe heatenergy anddis-
sipatingit to thesurroundingair. The intensityratio continues
to increasewith a valueof 4.7 beingobserved,corresponding
to 660 C, at the maximumavailablepumppower of 76 mW.
Thishightemperatureisduetoacombinationof effects,namely
the small modevolume and the resultanthigh pump density

GW/cm [12], the quantumdefect (phonontransition) be-
tweenthe pumpingand lasingphotons[7], [13], and thermal
feedback[14]. Note that when the intensity ratio was greater
than3.7,weobserveddramaticstructuralchangesin thesphere
dueto thermaldamage,therebyimposinganupperlimit on the
pumppowerthatshouldbelaunchedinto anIOG2microsphere.

Althoughthehigh-temperatureregionappearsto beconfined
within the volumeof the WGM, the modeitself is very close
to thesurfaceof thesphere.As aconsequence,thesurfacetem-
peraturealongthemodepathriseswell above , andtheflu-
idity of thematerialbecomesevidentto suchanextentthatthe
fibersinksinto thesphere,creatinga fuseddevice asshown in
Fig. 2(a). As a result, the cavity symmetrybreaks,and lasing
action and bistablebehavior are no longer achievable. Weak
WGMs were,however, still observable as greenbandsin the
spheres. wasreachedin thisparticularspherefor a launched
pumppower of about70 mW. High temperaturesat different
pumppowerswereobserved,dependingonthesizeandquality
of thesphereused.For somespheres,we foundthat it was not
possibleto reach simply throughcouplingpumplight into
thesphere,dueto themaximumpower limit of our laser.

We exploredtwo optionsfor fusinga microsphereto a taper
fiber, while aiming to minimize the fusing area,therebyen-
suringthatthecavity symmetrybepreserved.Thefirst method
reliedpurelyon heatingthespherethroughthepumppower as

Fig. 2. Taper fused microsphere(a) using heat from the pump only and
(b) usingheatfrom a microheaterin conjunctionwith thepumppower (which
is switchedOFF for the purposeof visualization).Note that the magnification
scalein both imagesdiffers.

describedabove, while trying to keepthe sphereandtaperin
light contactto avoid completesubmersionof thetaperinto the
sphere.If oneconsiderstheimagein Fig.2(a),thetaperappears
to run straightthroughthe sphereundamaged;however, even
with light contactandfar lesssubmersionof thetaper, thetrans-
missionthroughthefiberdroppeddramaticallyfrom 70mW to
about80 W. This was probablydue to the contactareabe-
tweenthesphereandthetaperstill beingrelatively large.It is,
therefore,imperativethatthespherebefusedto thetaperedfiber
at a singlepoint, thuspreservingthetransmission;this led to a
secondfusing methodbeing devised. In most cases,the glue
stickingthesphereto its stemnolongeradheres,dueto thehigh
temperaturesinvolved.Thesphere,therefore,separatesfromthe
stem,leaving it fusedto the taperwithout any additionalsup-
port. Theunmountedspherecanpull on thefibercausingit to
twist asshown in Fig. 2(a).For laterexperiments,weusedelec-
trostaticsto pick up thespheresandplacetheminto positionon
thetaper.Usingthistechnique,weremoved theneedto gluethe
spheresto astemfor manipulationpurposes.By placingaplat-
inum microheater 3 mm from the taper/sphereinterface—in
conjunctionwith a very low pumppower—morecontrol over
the fusingprocesswas achievable.A taper-fusedspherefabri-
catedusingthis techniqueis shown in Fig. 2(b); thefiberis not
passingthroughthemicrosphere,but ratheris stuckto thesur-
faceat a localizedregion.Theslight bendapparentin thefiber
is animagingeffect dueto thedifferencesin refractive indices.
Weestimatethepointof contactbetweentaperandsphereto be
a few micrometers.

We useda 95- m diametermicrosphereto explore the ef-
fect of fusingthetaperusingonly thepumppower.Thelasing
spectraobtainedbeforeand after fusing are shown in Fig. 3.
Priorto fusing,themicrospherelasedat1567nmandhadamax-
imum lasingintensityof 5 W. The insetto Fig. 3(a)shows
the WGM structureof the lasing spectrum.The peak lasing
power afterfusing,shown in Fig. 3(b),was reducedto 0.5 W,
andthewavelengthshiftedto 1565nm. If we comparethe in-
setsto Fig. 3(a)and(b), we seea considerablealterationto the
WGM structure,indicatinga largechangein thesize/shapeof
theresonatordueto thefusingaction.Subsequently, westudied
theeffectsof usingamicroheaterin conjunctionwith thepump
power, in order to achieve bettercontrol on the fusing point.
A 90- m diameterspherewas usedfor thesemeasurements.
Prior to fusing,a maximumlasingintensityof 2 W wasob-
served. After fusing, the transmittedpump power droppedto
0.5 mW. However, a reasonablylarge lasingsignalof 4.5 W
was observed and is shown in Fig. 4(b). Whenwe compared
the WGM structurefrom beforeand after fusing, we noticed
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So, how about this?

NLM NLM

NLM NLM Please, see Francesco’s talk
on friday, regarding this 

configuration!

a) b)

c)



Result ?

Go raibh mile maith agat


