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1D infinite square well (1)
hZ dZW 1.0+

BV = omae T 1 V09
0 If0O<x<L n:z-

v<x>={ L . .
oo otherwise -03 0 03 10 s

w(x)=0 ifx<0o0rx>L

Outside of the well, the wave function must vanish

In remaining region, we need to solve: M
2 2
E()y:—h dl)ZV —)W:<S|n(kX)>
2m dx +ikx
€
. J
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1D infinite square well (2)

Choose the real solution: ¥ = Sin(kx)

Boundary Conditions:
Must vanish atx=0, and at x =L

V4

O:l//(L):Sln(kL) kL =Nt — k :T ‘n=1,2,3,...
hz dzw h2k2 hZﬂ_ZnZ

Ey-—— Y -2 2T _E
2m dx 2m 2mL
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‘ 1D infinite square well (3)
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‘ The Finite Square Well (1)

hZ dZW 10-

E — = ‘|‘V X 02

4 om ()l// | - 1l 1
o 1 Vo 041

V (x)=- 0 if \x\<2-L .
V, otherwise ~ ——-—"F—m——m—————

-10 -0.5 0

el 8

We need to solve equation in all three regions.
In region I, we get solutions like before:  (x)=cos(kx)

w (Xx) =sin(kx)
The solution no longer vanishes at the boundaries
In regions | and lll, we solve a different equation
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‘ The Finite Square Well (2)

2ME
In the well: k? = >
h

In the barrier:

2m dx’ 2m dx’
d zw
2
For a bound state: E<V, ; =ay
0 dx
2m(V, -E
And the solutions are: W( )= e g?= (h02 )
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‘ The Finite Square Well (3)

()= AeT s Be | W] 11
v, (x)=Ccos(kx)+ Dsin(kx) o

Wave function must notblowupat: X=2c0c - B=E =0

Wave function must be continuous at: X =1+ —

2
v, (-3L) =, (-3L) Ae 2 = C cos(KL/2) - Dsin (kL/2)
v, (4 ) W, (% ) Fe "% =Ccos(kL/2)+ Dsin(kL/2)
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‘The Finite Square Well (4)

L

The derivative must be continuous at: X =1+ —

2
wi(-iL)=w; (-3L)  Aae™-? =Cksin(kL/2)+ Dk cos(KL/2)

i (AL)=yy, (L) —Fae " =—Cksin(kL/2)+ Dk cos(KL/2)

We can find solutions by considering the symmetric and
asymmetric solutions separately:

Colaiste na hOllscoile Corcaigh, Eire ROINN NA FISICE PY4118 Physics of
University College Cork, Ireland Department of Physics Semiconductor Devices 3.8



‘ The Finite Square Well (5)

symmetric antisymmetric
Ljp Ceos(kL/2) = Ae ' —Dsin(kL/2) = Ae "2
X=-
kCsin(kL/2) = aAe™'? kD cos(kL/2) = aAe *'?
—L/2 C cos(kL/2) = Fe /2 Dsin(kL/2) = Fe /2
T ke sin(kL/2) = aFe > —kDcos(kL/2) = aFe '
A=F A—_F
ktan(kL/2) =« k cot(kL /2) = -«
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‘ The Finite Square Well (5)

Need to calculate: kand «

2 _2MmE o 2m(Vo-E) 2, 2 :2_I’2nvo
hZ hz h
symmetric antisymmetric
k tan(kL/2) = « k cot(kL/2) = —a
KL (ij al KL KL al
—tan| — |=— —Cot| — |=——
2 2 2 2 2 2
(kl_jz (asz mL>2
— | = | ===V
2 2 2h

University College Cork, Ireland Department of Physics Semiconductor Devices 3.10



‘ The Finite Square Well (6)

For graphical solution:

K

al ,  mL?
= r<—=

X y = V,
2 2 2h*
symmetric antisymmetric
y = X tan(x) X°+y°=r° y = —X cot(x)
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‘ The Finite Square Well (7) g@@@

— y=xtan(x)
— y=-xcot(x)
— I
6 7
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‘ The Finite Square Well (8) o
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‘ Two Coupled Wells (1)

= Can solve:
o Using approximate technique
o Exact: semi-analytically (this is a long derivation)

Approximate technique assumptions:

o ldentical Wells
m T hus identical wavefunctions

o Treat the wavefunctions as separate
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‘ Two coupled wells (2)

The total wavefunction of the systemis: ¥ =Cy; +C, i/,
v Hy  [uHy
* : 2
I‘/f 4 J“/f
I(C1Wl TG, )H (C1W1 T Csz)
j (C1W1 T CW, )2
|y Hy +2cc, [y Hy, +¢ [y Hy,
ijle T 201C2IW1W2 + sz_“wg
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The Energy in the system is: E =

Thus: E =




‘ Two coupled wells (3)

We then simplify the notation, using:
Hij :IWiHWj Sij :IWin
2 2

¢, H, +2¢,c,Hy, +¢cH,,
C12 Syy +2C,C, 5, + C22 Sy

So: E =

Next we treat, C; and C, as variables and solve for minimum E
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‘ Two coupled wells (4)
o  2¢H,+2¢c,H,,
oc, ¢S, +2¢.c,S,, +C5S,,

C].2H11 + 2C1C2H12 +C22H22

: 222 (2¢,S,, +2¢,S,,)=0
(cl S,, +2¢,C,S,, +C, SZZ)

B 2c,H,, +2c,H,,
€S, +2¢,C,5,, +CS,,
~2¢,S,,+2¢,S,, -0
C12 Sll + 2C1C2 S12 + CZZSZZ
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‘ Two coupled wells (5)
Further simplifying:
C,Hy +CHy, - (Clsll +Cy9p, )E =0

Cl(Hll B ESll)+ Cz(le B ESlZ): O

ok

Similarly using —— = (Q we calculate:
oC,

Cl(H21 — ESZl)"' Cz(sz — ESzz): 0
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‘ Two coupled wells (6)

Thus, the determinate:

H11 o ESll H12 o ESlZ
H21 o E821 H22 o ESzz_

Now we go back to our assumptions...

We assume identical wavefunctions:
8112822:1 H11:H22
S, =95, =0 H,=H, <0
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‘ Two coupled wells (7)
Then, the determinate simplifies

(H11 - E)2 - H122 =0

And the solutionsare: E=H_, £ ‘le‘

E = H11 + ‘le‘ —> C, = —C, Anti-bonding
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‘ Two Coupled Wells (8)

Wi Yo

® @
{a) (a) Wave functions of electrons bound to two ion
cores at large separation. (b) One linear
Vit oy combination of wave function for electrons bound
to ion cores is y;+y, — called bonding. (c) The
° other one is the -, state —called anti-bonding
state.
(b)
Y — ¥ Cl —_ C2
®
(¢)
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‘ Two Coupled Wells (9)
E 4

>
w
o -—————13-
),

4+ v =0 y ~sin(fx+¢)
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‘ Two Coupled Wells (10)

A w(X)=Ae”

B w(x)=BsIin(fx+¢,)
are both continuous

C w(x)=Ce”+Ce™

D w(x)=DsIn(fx+a)

E w(X)=Ee™™
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‘ Two Coupled Wells (11)

At Outside Boundaries:

Ee ) = Dsin(4d + fa+¢,) N
— aEe~**) = gD cos(Bd + fBa+ ¢)
_F =tan(fd + fa+¢,)
(94

Ae*4-2) = Bsin(—8d — fa + ¢,)
ahe” ) = pBcos(—pd — fa+ ¢,)

p

— =tan(—pd - pa+¢,) = —tan(fd +,6’a—¢2)/
04
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‘ Two Coupled Wells (12)

Then, if: @ =—¢@,

Ae~*9*3) — _Bsin(4d + fa+ ¢,)
Ee ) = Dsin(A4d + fa+¢,)

A__B
E D
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‘ Two Coupled Wells (13)
At Inside Boundaries:
C.e*"® 4 C, e—“<d—a Dsin(,Bd La+¢)
oC,e” %) — oC e %) = gD cos(Bd — fa+ ¢,)
B C.e a(d-a) -C, ea(da)j

;_tan(ﬂd ,Ba+¢1)(ce d— a)—l—C e—a(d a)

Cle“(‘d+a)+C2e‘“(‘d+a) Asin(—4d + fa—¢,)
oC,e“ ") _ oC e™*"9+) = BAcos(—Ad + fa—d¢,)

ﬂ C X a(-d+a) C e—a(—d+a)
— = taﬂ(—ﬁd +,Ba ¢1) C a d+a) _I_C e—a( d+a)
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‘ Two Coupled Wells (14)

Moreover:

a(d-a) a(d-a)
B~ _tan(psd - ﬂa+¢1)(ce — %o j

o 1e—a (d-a) _|_Czea(d—a)

SO:
Clea(d—a) . Cze—a(d—a) B Czea(d—a) . Cle—a(d—a)

Clea(d—a) _I_Cze—a(d—a) - Czea(d—a) _I_Cle—a(d—a)

Eliminating the denominator yields:

— (C,e®@® _ce ) C,e* ) 4 Cee4?))
= (C,e“® —Ce ) c,e ) 1 C o)
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‘ Two Coupled Wells (15)
Thus:  C? —C2+C,Cpe??)

:_CZ_I_CZ_I_C/e}a'fd a = a(d—a)

And simplifying:

2C7 =2C;
Therefore: And we already calculated: A__B
C, = +C, E D

Symmetric, or Anti-symmetric cases...
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‘ Two Coupled Wells (16)
Also:  C,e*% ) 4 C e ) = Dsin(Ad — ,Ba+¢l)

C,e™ 9 4+ Ce?"® = _Bsin(sd — fa+¢)

Thusif: C, =-C, =C

C [ea(d—a) - e—a(d_a)): DSIn(,Bd — ﬂa + ¢1)
c [e_a(d ) ea(d—a)): —Bsin(pd — Ba+ ¢)

So. B=D A=-E
C(e“®) —e=«-)) = Csinh[a(d —a)]
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Two Coupled Wells (17)
Also: Cle“(d‘a)+CZe “(9-2) — Dsin(Bd — ,Ba+¢1)

C,e™ " 4+ C e*"® = _Bsin(sd — fa+¢)

Andif: C,=C,=C
C(e*@® +e @)= Dsin(Bd — fa+¢)
C(e‘“(d‘a) + e“(d‘a))z —Bsin(pd — pfa+¢)
So: B=-D A=E

C(e*@® +e @)= Ccosh[a(d —a)]
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‘ Two Coupled Wells (18)

2:2m(V0_E) ~ 2mE

=T =T Bieats
symmetric
g = tan(3(d —a)+ ¢ ) tanh(a(d —a))
antisymmetric
g = tan(B(d —a)+¢,) coth(a(d —a))
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‘ Two Coupled Wells (19)

The difference in the modes is based on:

tanh(a(d —a))

E@@@
P

coth(a(d —a))

Relevant when:

10 -
tanh(x) v coth(x) X < 2
8 - —tanh(x) .
] —coth(x) Orrd—-a<—
6 o
4 - .
Separation:
2 1 4
2(d —a)< —
O T T T T | a
0 2 4 6 8 10
Colaiste na hOllscoile Corcaigh, Eire ROINN NA FISICE PY4118 Physics of
University College Cork, Ireland Department of Physics Semiconductor Devices 3.32



‘ Two Coupled Wells (20)

Double Quantum Well

0.25 +
‘ Al Ga  As Al .Ga, As Al _Ga_ As
0.20 < 4 nm
cb
0.15 4
E1
s 1 E2
) .
=2 e P52
@
& 0.05-
" \/
0.05 4 GaAs GaAs
‘ 6 nm 6 nm
) PSP B v e SEN ORI TCR B DR [ AL ESRLNT [ BRSPS SR DS omm Sry
0 S5 10 15 20 25 30 35 40 45 50 55 60
distance (nm)
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‘ Two Coupled Wells (21)

100 Confinement energies of the two lowest states
90 of a symmetric double quantum well
. as a function of the central barrier width
80 4

4

70 - \ —=—E1

-4 + Ez
S 60+
= 1 —o o =
— 50 -
- Double Quantum Well
g 40 - 1 Al Ga, As AIO;G:;:AS Al,_Ga, As
o " = cb
@ 30 - s 2
= 0.10 Psi1
‘ g Psi2
20 )
10 - 1 e o
i © 5 10 15 20 25 30 35 40 45 50 55 60
distance (nm)
o Lot vl Rl B ol e Besh sl Kecloon Rl Pl Aol ol Baaw%at |
0 1 2 3 4 S 6 7 8 9 10 11 12 13 14
barrier width (nm)
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