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Kronig-Penney Solution 

 

 

When evaluating Kronig-Penney, we end up with four linear equations. 

The 4x4 linear equation to be solved is: 0
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Thus we need to solve: 0
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This will be broken into 4 pieces: 

1) 
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( ) ( )[ ]wiikatwiikatwiikatwiikatika
eeeieeeeeeieeeei

βαβαβαβα βααβααβα −−−−−− −−+−+× 2
21

( ) ( )wiikatwiikatwiikatwiikatika
eeeeeeieeeeeeei

βαβαβαβα βααβα −−−−−− +−−+= 22
2  

( ) ( )teeiteeei
wiikawiikaika αβαααβα ββ

cosh2sinh22
22 −− −+=  

 

2) 
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( ) ( ) ( )[ ]wiikatwiikatikatwiwiikatika
eeeieeeeeeieeeei

βαβααββα βααβααβ −− +−+++−×− 2
21  

( ) ( )wiikatikatwiwiikatwiikatika
eeeeeeieeeeeeei

βααββαβα βααβ −− +−−−= 22
2  

( ) ( )teeiteeei
wiikawiikaika αβαααβ ββ

cosh2sinh22
22 −−=  

 

Adding equations 1) + 2) yields: 

 ( ) ( ) ( ) ( )wteiwteiei
ikaikaika βαβαβααβα coscosh4sinsinh44

22 −−  (A) 
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( ) ( ) ( )[ ]111 +−++−×− −− βαβαββαβ βαβαβαβα
ieeeieeeieeeieeei

wiikatwiikatwiikatwiikat
 

( ) ( ) ( )wiikatwiikatwiikatwiikat
eeeeeeieeeeeeii

βαβαβαβα ββαβα −− −−+−=
2

2  

( ) ( )weeiweeii
ikatikat ββββαβα αα

sin2cos22
2−−=  

 

4) 
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( ) ( ) ( )[ ]111 +++−+−−× −−−−−− βαβαββαβ βαβαβαβα
ieeeieeeieeeieeei

wiikatwiikatwiikatwiikat
 

( ) ( ) ( )wiikatwiikatwiikatwiikat
eeeeeeieeeeeeii

βαβαβαβα ββαβα −−−−−− −++−=
2

2  

( ) ( )weeiweeii
ikatikat ββββαβα αα

sin2cos22
2 −− +−=  

 

Adding equations 3) + 4) yields: 

( ) ( ) ( ) ( )wteiwteii
ikaika βαββαβαβα sinsinh4coscosh44

2−−  (B) 

 

Now adding equations (A) and (B) 

 

The determinate now reduced to: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) 0sinsinh4coscosh44

coscosh4sinsinh44
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=−−+
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Simplifying… 

( ) ( ) ( ) ( ) ( ) ( ) 0coscosh2sinsinh
22 =−+−+ −

wtwtee
ikaika βαβαβαβαβα  

( ) ( ) ( ) ( ) ( ) ( )wtwtka βαβαβαβαβα coscosh2sinsinhcos2
22 ++=  

And finally: 

( ) ( ) ( ) ( ) ( )wtwtka βαβα
βα

βα
coscoshsinsinh

2
cos

22

+
+

=  

 

And, this is the published result. 

 


