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844 Sitzung der physikalisch-mathematischen Klasse vom 25. November 1915

Die Feldgleichungen der Gravitation.

Von A. EinsteIN.

ln zwei vor kurzem erschienenen Mitteilungen' habe ich gezeigt, wie

man zu Feldgleichungen der Gravitation gelangen kann, die dem Postu-
lat allgemeiner Relativitit entsprechen, d. h. die in ihrer allgemeinen
Fassung beliebigen Substitutionen der Raumzeitvariabeln gegeniiber ko-
variant sind.

Der Entwicklungsgang war dabei folgender. Zuniichst fand ich
Gleichungen, welche die Newronscue Theorie als Niherung enthalten
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1687: Isaac Newton's Prmcupla
Maarhema'rlca. 1
- "Basic laws of classucal mechanits
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1887 Flr's’r ewdence Tha'r |
. class;cal mechamcs is mcomplete
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B AA Michelox

13852 - 1937 1333 - 1923
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Michelson & Morley: Speed of light 1s constant.

=» Galilean transformation : x’=x—-v t

— and with 1t the entire Newtonian mechanics,
fail !!




> June 1905-  _
Ems’rem mfr'oduces specual r'elcmvn'ry

- . 4 -

* Galilean transformatlon replaced by
Lorentz transformation

- .

* New concept:
space + time merged into space-time.
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> June 1905-  _
Ems’rem m‘l‘roduces specual r'elcmvn'ry

* Galilean transformatlon replaced by
Lorentz transformation

* New concept:
space + time merged into space-time.

Sl . ¢
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o Consistent with Michelson- Morley experiment
o ", . . . I &

l/ Obtain Newtonian mechanics in the limit v <<c.

- ’

- - A . ’.

v C0n31stent w1th Maxwell S theory of EM




= June 1905+  _
Ems’rem mfr'oduces specual r'elcmvn'ry

* Galilean transformatlon replaced by
Lorentz transformation

* New concept:

space + time merged into space-time.
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o Consistent with Michelson- Morley experiment ;
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t/ Obtain Newtonian mechanics in the limit v <<c.
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v C0n31stent w1th Maxwell S theory of EM

Price® space & time b‘Ecome connected into smgle

- ; ok




o T J'une 1905" 5
Ems’rem infroduces: special relativity
Price: space & time becomé connécted into single

« Space-time

Time is relative to the observer !
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> June 1905-  _
Ems’rem m‘l‘roduces specual r'elcmvn'ry

* Galilean transformatlon replaced by
Lorentz transformation

* New concept:
space + time merged into space-time.

Sl . ¢
| A -

o Consistent with Michelson- Morley experiment
o ", . . . I &

l/ Obtain Newtonian mechanics in the limit v <<c.
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- - A . ..

v C0n31stent w1th Maxwell S theory of EM

Inconsistent with Newton’s gravity
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1687 l_\lvebn's' law of Un‘iver"sql‘gr'a\ﬁ'l'y ;.
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Every point mass in the universe attracts
any other point mass with a force given by

No time in the equation:
~Gravity attracts at zero time
=» at infinitely high speed (greater than c).
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__Einstein's. elévator gedenkenexperiment
- . . (thought experiment) (c. 1907)
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. A bunch of physicists in an elevator, on their way to a conference.... ™
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(A pretty tall building)




The cable 1s cut.....
All are free falling !!

—_—
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Quéstien:
Can anyone measure
the gravity of earth ?7?
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Things falling freely in a gravity field all accelerate by the same
amount, so they move the same way as if they were in aregion
of zero gravity — ~“weightlessness™!

) — — ,

During free fall,
It 1s impossible (to 1% order) to measure gravity !!




Things move the same way in a
gravity field as those in a reference
frame accelerating upward with the
same magnitude.

- -
v

Every time “gravitational force” appears in the equatlons )
it can be replaced by “(uniform) acceleration”
- This 1s the “Equivalence Principle”
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Inside an accelerating rocket: -

“plice”: Z, = b+ (1/2) gt?
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accelerating rocket:

At t=0, Bob sends Alice a photon.

Alice receives it at time t;

At Atg, Bob sends Alice a second photon.

Alice receives at time t;+At,

Since the rocket accelerates,
Alice moves faster at later times




According to the Ecjdfvdlg"nce principle, -

Exactly the sam

e happens here on _earth Il .

*

* Gravitational redshift: v, <vg
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Photons lose energy when “climbing” a grav. potential @&
o AT - s -
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:Gr:avif'a’r"i orial ‘r'edg-hif"r as ]ar'o‘be. of GR "
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Fig. 1. Continuum subtracted iron line from the long July-1994 ASCA observation
of the Seyfert-1 galaxy MCG-6-30-15 [20]. The dashed line shows a model consist-
ing of iron line emission from a relativistic accretion disk around a non-rotating
(Schwarzschild) black hole, with a disk inclination of ¢ = 30°, and an emissivity
profile of 7~3 extending down to the radius of marginal stability (6 GM/c?).

" el -Taken from Reynolds & N'owaik, 2003
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» " While the 2 photons followed

<r§! Exactly the same path, we got At,# Aty :
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45 —Presence of Gravity modifies
=) the structure of space-time ! _
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GraV|ty ba5|c force of nature
Operates between massive bodies

Gravity affects also massless particles

~Gravity is not a force!
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Gravity: basic force of nature.
Operates between massive bodies "

o0
-

Gravity affects also massless particles

~Gravity is not a force!

Gravity = Geometry ! (?)!
- . s -

-




Euclid of Alexandria (fl. 300BC)

“Father of geometry”;

Elements:

A finite set of assumptions
(=axioms or postulates).

All geometry 1s deduced by
direct logic.

y 0 C
- a

Pythagorean theorem Thales’ theorem




Euclid's Axioms

Euclid's axioms

1 Given two points there is one straight line that joins them.
2 A straight line segment can be prolonged indefinitely.

3 A circle can be constructed when a point for its centre and a distance
for its radius are given.

All right angles are equal.

If a straight line falling on two straight lines makes the interior angles
on the same side less than two right angles, the two straight lines, if
produced indefinitely, meet on that side on which the angles are less
than the two right angles.

Euclid's common notions

6 Things equal to the same thing are equal.
If equals are added to equals, the wholes are equal.

If equals are subtracted from equals, the remainders are equal.

L B |

Things that coincide with one another are equal.

10 | The whole is greater than a part.




René Descartes (1596-1650)

(Latin: Renatus Cartesius)




René Descartes (1596-1650)

(Latin: Renatus Cartesius)

Introduced: Axes !
Analytical (Cartesian) geometry

AY
3
2
1
XxX=2 | X
I 321 o 12|3 " o
-1
y=13 P(2,-1.5)
-3
%

[ Geometry is combined with Algebra !}




René Descartes (1596-1650)

(Latin: Renatus Cartesius)

Analytical (Cartesian) geometry

(1,y1) L2 — T1

d = \/x2 )c1 1)

(Pythagorean theorem)



Modern version of Pythagorean theorem

d’ =Ax" + Ay’ (+Az°) —

Using a new notation: Ax' = Ax / Y2 — 1
Ax” = Ay

(z1,91) L2 —T1

)
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Euclid's axioms

1

Euclid's common notions

Lm R N |

10

EBuclid's Axioms

Given two points there is one straight line that joins them.
& straight line segment can be prolonged indefinitely.

& circle can be constructed when a point for its centre and a distance
for its radius are given.

all right

a straight line falling on two straight lines makes the interior angles
on the same side less than two right angles, the two straight lines, if
produced indefinitely, meet on that side on which the angles are less
n the two right angles.

Things equal to the same thing are equal.
If equals are added to equals, the wholes are equal.
If equals are subtracted from equals, the remainders are equal.
Things that coincide with one another are equal.

The whole is greater than a part.



Progress by Adrien-Marie Legendre
(1752-1833):

“That, 1f a straight line falling on two straight
lines make the interior angles on the same £ o e

side less than two right angles, if produced Then: line 1 and line 2 are parallel
indefinitely, meet on that side on which are

the angles less than the two right angles.”

1 8 O O: line 1 line 2
Euclid’s 5™ postulate, \ \

Is equivalent to:

“The sum of the angles of a triangle

is equal to two right angles.” L o s - 180



Rise of non-Euclidean geometry

R,

b

Carl Friedrich Gauss Janos Bolyai Nikolai Lobachevski
(1777 — 1855)

Developed mn 1813 ! (C. 1830)
(but not published !!)



What is the sum of angles in a triangle ?

B

A
méLA + méLB + m£LC =180



What is the sum of angles in a triangle ?

Non-Euclidean geometries:
All of Euclid's assumptions are satisfied - but the 5 |

C What about on a sphere?

A
mLA + méLB + m&LC =180




What is the sum of angles in a triangle ?

Non-Euclidean geometries:
All of Euclid's assumptions are satisfied - but the 5 |

C What about on a sphere?

A

G-B-L hyperbolic metric:
Sum of angles: < 180°




Straight lines (or: shortest paths) in
curved space: geodesics
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Internal properties of space: the metric
(how can you measure space- without leaving it ?)

Carl Friedrich Gauss
Metric: a mathematical function that (1777 — 1855)

describes distances, intrinsic to the space
dx' = do
dx’ =d¢

2
dsz=l;=1glj(dx’)(dx’) - (1) 311?26 g Metric

Distance: ds” =d60” +sin” 0d¢’



Curvature as an inner property of space
(how can you tell that a sphere is a sphere ?)

Positive Curvature Negative Curvature

Examples:
shortest path in curved space — geodesic
(18t derivative of the metric)

2nd derjvative of the metric —

intrinsic curvature (Riemann Tensor) Bernhard Riemann (1826 — 1866)

[We can measure the properties of space — without leaving it ! ]
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Gravity: basic force of nature.
Operates between massive bodies "
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Gravity affects also massless particles

~Gravity is not a force!

Gravity = Geometry ! (?)!
- . s -

-




GraV|ty Geometry (?)!

. - -

1. How to describe partlcle motion in the
" presence of gravity ?

5 e > wid : " - :
2. How does the presence of gravity affects

the geometry of space-time ?



GraV|ty Geometry (?)I
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1. How to describe partlcle motion in the
presence of gravity ?

In the presence of gravity ....

Objects move in straight lines (geodesics)
[Exactly what they do in the absence of gravity !!

(and clearly at v<=c¢)

R + - & .
- -
.

-
.

-
-~

- - *

It 1s the space -time that 1s curved ! *




GraV|ty Geometry (?)I

-

2 How does the presence of grav1ty affects
the geometry of space-time ?

-
- - -
s . -

In an analo

Stress-energy tensor:

describes the energy & momentum
content & flux of a system

(physical part)

Curvature
(geometrical part)
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“Gravity = Geometry ! (?)!

. s L 5 . = |
-~ Set of 10 nonlinear equations;
Contain 2™ derivatives of the metric- ¢ -
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Arthur Eddfng'ron (1882-1944).
Light deflection during solar eclipse (1919)

-

5 . - L # P ; —

- ’ A - .

29 May, 1‘91.9:‘%.ofa'l sdlar‘e:clipse seén from - v S o
Sobral, Brazil & island of Priripe (near Guinea, Africa)

-

AU=1.75 (R, ./r) arcsec,

sun




Arthur Eddm ton (1882-1944):
ngh'r deflecﬂon dur'mg solar' ecllpse (19179)

. ‘.. - »
iqeory‘ N9=1.75 (Rsun/r a-rcse? ' .

. Data: AU=1.61+- 0.31 F¥csec (Eddington);
- 1.92+-0.12 arcsec (Dawdson & Furner) .




* Gravitational lensing

3

HST image of Abell 2218 — cluster ofgélaxies




‘Kc‘xr"l Scﬁwariééhild (1873-1916)
1915: Solution to Einstein's equations in vacuum

-

-

2G12\4 )dt2 + (1 - 2G12\4
re re

-1
) dr® +r*dQ’

bt Horizon

“’,’ Black Hole

At r=0 - singularity

2GM

2

> For r<
: C

there 1s no “turning back™ at v<c (event horizon)
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Schwarzschild's black holes

2 2

2GM)dt2+(1_2GM
rc rc

-1
) dr® +r’dQ’*

At r=0 - “Singularity”
Space-time curves to infinity; g
e g

Atr < - there 1s no “turning back™ at v<c;

2
C

thus nothing can escape.
(Schwarzshield radius, “event horizon™)
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A journey into a black hole

Takgn from the-w.ebsite af Andre! , JILA (Colorado)' .




”

- -

The black hole at the center of our galaxy

-

S0-8
1995.5 e

Inferred
by looking at
trajectories of stars
y e : i " ‘.

Keck/UCLA Galactic °
Center Group
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GR and modern cosmology
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. Nicolaus Kopernikug,(1473 — 1543):

We are NOT at the center of the universe ! @

The cosmologlcalprlnupie ;-

'On a large scale {he unlverse is homogeneous and |sotrop|c
- .
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How to describe a homogeneous and isotropic universe, ?

Friedmann-(Lemaitre)-
Robertson-Walkér metric:

dr’

ds* = —dt* +a* (¢
( )[l—kr2

+ r2d92]

Positive Curvature Negative Curvature Flat Curvature

“open 7 (negative curvature)
a(t): “Scale factor”; k=- “flat”
“Closed” (positive curvature)
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. . The s_cdl‘e-fac?o?.a(t) o

- Y

Multiplies all spatial coordinates: d(t) = d, a(¢) - . _ .

dr?

1—kr*

ds® =-dt* +a’ (t)[

a(t) evolves in time !
Friedmann Equations:
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The expandipg universe

ol “Scale factor”: d(t) =d, a(?); a(t) grows with time s : -

- The universe expgnds:; LNy
The most distant galaxms recede fas‘rer from us -

(Huble‘s law)

-~

N
X
o
> H

Velocity [km s7']

1 " 1 " | " 1
200 300 400 500
Distance [Mpc]
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-The’expanding universe
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_ 1998.The expanding universe: -back in.time

History of the Universe
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Key: W, Z bosons /\/\, photon
q quark ) meson "" galaxy

g gluon s % ® baryon

star
AT

black
V heutrino @)atom hole
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e * o -
. Nitially, the univesse was so-hot... " -
no atoms could exist :




.‘19'98\?_.'|.‘h<‘a exﬁhndi'rig-t.jn’i.verﬁ'fse: fbéck in.time

. - ® - % - . " -
- ”-» »
. > 3 .. . - »
- * et 2 - - & » ’

When the Gniverse expanded, it coeled...
. Atoms formed, and photons escaped

History of the Universe
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e PR = e;,; ] . . Z G =5, R :
g Mo,
@ ,ho rticle Data Group, LBNL, © 2008, Supported by DOE and NSF ’GGV’U s 6
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“These photons are aﬂ aromnd us.
We gll |t'the cosmlc mlﬁowave bac.kgfound (CIVIB)
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Summary

: (Toge’rher with guan‘rum mechamcs)
® general relativity - . -
s cornersTone of modern-physucs
100 years af’rer' ts dlsc’overy
~‘rher'e are mQre ques’nons Than answers.
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Asaf Pe"e.r, Nov. 2015




